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Abstract 

We study in this work the existence of minimizing solutions to 
the critical-power type equation A g u + h.u = f.u n ~ 2 on a compact 
riemannian manifold in the limit case normally not solved by variational 
methods. For this purpose, we use a concept of "critical function" that 
was originally introduced by E. Hebey and M. Vaugon for the study of 
second best constant in the Sobolev embeddings. Along the way, we prove 
an important estimate concerning concentration phenomena's when / is 
a non-constant function. We give here intuitive detailsQ 



1 Introduction 

In the beginning was the Yamabe problem: 

Yamabe problem: Given a compact riemannian manifold (M, g) of 
dimension n > 3, does there exist a metric g' conformal to g having constant 
scalar curvature? 

4 

If we write g' = u™- 2 .g where u > is a smooth function on M, the scalar 
curvatures are linked by the partial differential equation : 

n — 2 n — 2 n+2 

B 4(n-l) B 4(n— 1) 

where 5*g is the scalar curvature of g and where A g = — V ! V, is the riemannian 
laplacian of g. 

To solve the Yamabe problem, one therefore has to prove the existence of a 
solution u > to this partial differential equation when S g > is a constant. More 
generaly, the prescribed curvature problems, which consist in deciding, given a 
smooth function / on M, if / is the scalar curvature of a metric conformal to g, 
come down to prove the existence of a positive smooth solution u to the above 
equation when S s > is replaced by /. 

These problems launched the study of elliptic PDE on compact riemannian 
manifolds of the form 

71 + 2 

(Ehj,g) '■ + h.u = f.u n ~ 2 



1 AMS subject classification: 53C21, 58J60, 35J20 
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In all this paper M will be a compact riemannian manifold of dimension n 3, 
we will use the letter g or g' to denote a riemannian metric on M; h and / will 
always be smooth functions on M. We will always suppose the functions to be 
smooth, however in the definitions and in most of the theorems, continuity is in 
general sufficient. Beside, we will keep these notations, letter g for the metrics, 
letter h for the function on the left of equation Ehj, g , (defining the opperator 
A g + h); and letter / for the function on the right of the equation; the unknown 
function will be designated by u. 

One of the possible methods to study these equation is the use of variational 
methods, which have the advantage of giving minimizing solutions, or solution 
of minimal energy. If one multiply equation (Ehj, g ) by u and integrate over M, 
one gets 

/ \Vu\ 2 dv g + / h.u 2 dv g = I f\u\ 1 ^dv g 
Jm Jm Jm 

The variational methods therefore lead to consider the functional 



h,g{w) = / |Vw|grfw g + / h.w 2 dv g 
Jm " Jm 



defined for w e H 2 (M), the Sobolev space of L 2 functions whose gradient is 
also in L 2 , and the minimum of this functional 



on the set 



V/,g = inf h, s {w) 



H f = {weH 2 (M)/ f f\w\^dv g = l}. 
Jm 



>M 

The Euler equation associated with the minimization problem of this functional 
by a function u such that 

h, g {u) = inf I h , g ( w ) 
weHf 

is indeed exactly 

{Eh,f, g ) ■ Agu + hu = X h j-. g .f.u^ 
where Xh,f, g appears as a normalizing constant due to the condition 

f f\u\^dv g = l. 

JM 

It is sometimes usefull to consider the functional 

j , . Jm l v H g dv g + J M h.w 2 dv g 

Jhj: M ( w ) = m — 

(j M f\w\^dv g ) " 
and the subset of H 2 (M) where it is defined 

nt = {we H 2 (M)/ [ f \w\^ dv s > 0}. 
Jm 
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One then consider the minimisation problem by a function u such that 

Jhj, s (u) = inf Jh,f, e (w), 

the Euler equation being identical but without the normalizing constant. This 
functional sometimes present the advantage of being homogeneous in the sense 
that Jhj, g (c.w) = Jhj,g(w) for any constant c. One therefore see that 

inf h,g(w) = inf Jh,f, g {w) = A fe ,/, g 

This functional J also has the particularity, when h = 4 ^~ 2 ^ S Sl of being 
invariant by conformal changes of metrics; it is therefore especially usefull when 
studying problems of prescribed scalar curvatures. We shall mostly use Iu,g and 
Hf, but for some problems Jhj,g will prove to be more convenient when we 

2n 

shall want to avoid the constraint J M f \u\ ™ -2 dv s = 1. 

We will say that a function u S Hf (M) is a solution of minimal energy, 
or a minimizing solution, if either Ih,g{u) = ^h,f,g with J M fu n - 2 = 1, or 
Jh,f,g{u) — ^h.f,g- Then, up to multiplying it by a constant, u is stricly positive 
and smooth, and it is a solution of 

n + 2 

(Ehj,g) ■ A g u + hu = \ h j :S .f.u"- 2 

with or without the normalizing constant which can always be supressed just by 
multipliying again it by a constant. Please, note that we will use these notations 
(Ehj : g) and Xhj\g throughout all this article. 

Th. Aubin discoverded a very important relation between equation (-E/i,/, g ) 
and the notion of best constant in the Sobolev imbedding theorems. Remember 
that the inclusion of Hf(M) in L P (M) is compact for p < and only 

continuous for p = which is called the critical exponant for the Sobolev 
imbeddings and will be noted 2* = The continuous imbedding Hf(M) C 
L 2 (M) is expressed by the existence of two positive constants A and B such 
that : 

n-2 

VueHf(M); [ I \u\^ dv g ) " <Aj \Vu\ 2 dv g + B [ u 2 dv s (1) 

The best first constant is the minimum A that one can put in (1) such that 
there exist B with (1) still true. It was proved by E. Hebey and M. Vaugon [35] 
that this minimum is attained, and its value is known to be the same as for the 
sharp euclidean Sobolev inequality, 

Amin = K{n, 2) = 2- 
n(n — 2)ujn 

where uj n is the volume of the unit sphere of dimension n. One then take -Bo(g) 
to be the minimum B such that (1) remains true with A m i n ; it is proved that 
B (g) < +oo 22]. The inequality: Vu £ H 2 (M) 

n-2 

([ \u\^dv s ) ™ <K(n,2) 2 I \Vu\ 2 dv g + B {g) [ u 2 dv s (2) 

\JM ) JM JM 
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is then sharp with respect to both the first and second constants, in the 
sense that none of them can be lowered. If the value of the best constant 
A m in — K(n,2) 2 is known and independent of the manifold (M, g), on the 
other hand, B n (g), as the notation indicates, depends on the geometry and its 
study is difficult; it is for this purpose that "critical functions" were introduced 
by E.Hebey and M.Vaugon [53]. When there shall be no risk of confusion, these 
constants will be denoted by K et Bq. 

As a remark, note that because of the compacity of the inclusion Hf{M) C 
L P (M) for p < 2*, standard variational methods and elliptic theory give rapidly 
existence of minimizing solutions of the equation A s u + hu = f.u v ~ x when 
A g + h is a coercive operator. The case p = 2* is therefore already a limit 
case. (Very little is known for p > 2* without additional hypothesis, like e.g. 
invariance by symetry, see [T7].) 

The best constants in the Sobolev embedding appeared in the study of 
equations (E^f g ) when Th. Aubin proved the following theorem: 

Theorem (Aubin). For any riemannian manifold (M, g) of dimension n 3, 
any function h such that A g + h is a coercive operator, and any function f such 

that Supf > 0, one always has 

M 

1 



K(n,2f{Supf)- 

M 



Furthermore, if this inequality is strict, then there exists a minimizing solution 
for (E h ,f,e). 

This theorem is the starting point of all this work. It proves 
the existence of minimizing solutions to equation (-E^./.g) under the 
hypothesis: 

K{n,2Y(Supf)^ 

M 

Our work is essentially concerned with the problem of the existence of 
minimizing solutions to these equations (Ehj, g ) in the "critical case" 
where 

Jf(n,2) 2 (Sup/)V 

M 

problem which is normally not solved by variational methods. It is 
for the study of this problem that we are now going to define the 
"critical functions". 

Let us first review the datas: 

Datas: Throughout this article, (M, g) will be a compact riemannian 
manifold of dimension n ^ 3. We let / : M — > R be a fixed smooth function such 
that Supf > 0. Let also h : M — > R be a smooth function with the additional 

M 

hypothesis that the operator A g + h is coercive if / is not positive on all of M. 
(Remember that continuity of h and / is sufficient in the definitions and in most 
of the theorems. Also, if / ^ on M, classical variational methods already give 
a lot of results for the existence of solutions; therefore Supf > is the most 
interesting case.) 
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Definition 1. With these datas, and with the above notations, we say that: 

• h is weakly critical for f and g if Xh f e = k=t 

' J ' S K(n,2) 2 (Supf) — 

M 

• h is subcritical for f and g if Xh f e < k=t 

K(n,2) 2 (Supf) — 

M 

• h is critical for f and g if h is weakly critical and if for any function 
k < h, k ^ h such that A g + k is coercive, k is subcritical. 

Using the theorem of Th.Aubin, we can give an equivalent definition of 
critical functions. Indeed, using this theorem, it is easy to see that if h is weakly 
critical and (Ehj :S ) has a minimizing solution u, then h is a critical function; 
just note that for k < ft, k ^ h, /fe, g («) < Ih, g (u). Therefore, we can give the 
following equivalent definition: 

Definition 2. A function h is critical for f and g if: 

• for any continuous function k < h, k ^ h such that A g + k is coercive, 
(which is the case as soon as k is close enough to h in C°), (Ek.f, g ) has 
a minimizing solution, 

• for any continuous function k' > ft, k' ^ h, [Eyj tS ) has no minimizing 
solution. 

Remark: if h is weakly critical for a positive function /, necessarily, A g + h 
is coercive; just use the Sobolev inequality. 

Critical functions are thus introduced as "separating" functions 
giving rise to an equation having minimizing solutions, and functions 
giving rise to an equation that cannot have any such solution. 
We therefore have transformed the problem of the existence of 
minimizing solutions when Aw™ = -^-^ to the problem 

K(n,2) 2 (Supf)-^- 

M 

of existence of minimizing solutions to {Ehj tS ) when ft is a critical 
function. 

Before passing to the theorems proved in this work, we have to give two very 
important properties of critical functions. 

First, they transform in conformal changes of metric exactly like scalar 

4 

curvature: indeed, let u £ C°°(M), u > and g' = ti~g a metric conformal 
to g. Let also ft be a smooth function. We set 

, A g w + h.u 

U n-2 

Then, some computations show that h is critical for / and g iff h' is critical for 
/ and g'. 

Second, we come back to the evaluation of Xhj, s - Th. Aubin introduced, in 
the functional Jh,f,g the following test functions: 

VkW! \ if r>5 

where: S < injM (the injectivity radius of M), P e M is a fixed point, k G N*, 
and where r = d g (P, Q). When dimM — n ^ 4, we get, if P is a point where / 
is maximum on M: 
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JhJ,g(tpk) 



1 



if(n,2) 2 (Snp/)" 

M 

We therefore get the following important proposition: 

Proposition 1. If dimM > 4 and if h is weakly critical for f and g (thus in 
particular if it is critical), as Xh f K = ^=r, necessarily, if P is a 

K{n,2) 2 (Supf)-^- 

M 

point of maximum of f : 

1 'MP) > S g (P) - 



l&LzlW >s(p)- n - AA ^ 
n -2 ^n>^ s {n 2 /(p) 



Remark: if / is constant on M, this means that > S s on all of M. 



n-2 

Note also that in dimension 4, the term A f{pp disappears. 



2 Statement of the results 

In all what follows, we will make the following hypothesis: 

Hypothesis (H): We now suppose that dimM — n ^ 4. We suppose that all 
our functions h are such that A g + /i is coercive. Also, / will always be a smooth 
function such that Supf > 0. We will denote Max f — {x G M/f(x) — Supf}. 

M ' M 

Our first theorem concerns the existence of minimizing solutions to {Ehj,g) 
when h is critical. 

Theorem. If h is a critical function for f and g, (h, /, g verifying H), and if 
for all point P where f is maximum on M , we have 

^V h(P)>S (P) "~ 4A s/( P ) 
n-2 h yn>b s {P) 2 f{p) , 

then there exist a minimizing solution for (Ehj tg ). 

This theorem is an immediate consequence of the following result, more 
general but more technical in its statement. (Just take h± = h — t to get the 
theorem above.) 

Theorem 1. Let h be a weakly critical function for f and g, (assuming 
hypothesis H). If, for all point P where f is maximum, we have 



and if there exists a family of functions (h t ), h t ^ h, h t being sub -critical for 
all t in a neighbourhood of a real to e R, and such that h t —± h in C°' a , then 

there exists a minimizing solution for (Ehj tg ), and therefore, h is critical for f 
and g. 

E. Hebey and M. Vaugon, in the context of their study of Bo(g), proved this 
theorem in the case where / is constant, and as them, we base our computations 
on the article of Djadli and Druet [12]. The presence of a non-constant function 
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/ on the right of equation (Ehj, s ) introduces new difficulties in the proof, 
and requires the use of very powerfull estimates concerning concentration 
phenomena's, called C° ~ theory, due to Druet and Robert [TB], available in 
[T5] : the use of C° — theory was kindly suggested to us by E. Hebey. Also, an 
alternate proof, not using C° — theory, thus in some sense more elementary, 
but requiring the additional hypothesis that the hessian of / is non-degenerate 
at its points of maximum on M, will, as a "byproduct", prove another very 
important estimate concerning these concentration phenomena's, not available 
without heavy hypothesis in the case when / is a constant function; this estimate 
concerns the speed of convergence to a concentration point, (see subsection 4.2), 
is of independent interest, and was obtained in the author's PHD thesis [10] to 
prove theorem 1. 

The next natural question is of course to know if there exist critical functions. 
The answer, positive, will appear to be a consequence of theorem 1. We will say 
that a set E C M is thin if M — E contains a dense open subset. 

Theorem 2. Being given the manifold [M, g) and a non constant function f, 
there exist infinitely many functions h critical for f and g, which satisfy, in 
each point P of maximum of f , 



n-2 h W >b *W 2 /(P) 



By theorem 1, these critical functions are such that (Ehj, s ) have minimizing 
solutions. Also, if the set of maximum points of f is thin and if J M f > 0, there 
exist strictly positive such critical functions h, i.e. satisfying (*). 

These first theorems lead us to modify slightly our vision of critical functions. 
Note that in equation (Ehj, s ), there are three datas that one can modify: the 
functions h and /, of course, but also the metric g in a conformal class, as, by the 
conformal laplacian transformation formula, the equation is changed in a similar 

4 

one if we change g in g' = u»- 2 .g. This lead us to the following definition: 

{h, f, g) is a critical triple if h is a critical function for f and g. 

We shall say that the triple (h, f, g) has minimizing solutions if (Ehj, s ) has; we 
can also speak of weakly critical or sub-critical triples. We then asked ourselves 
the following question: 

Being given two of the three datas of a triple, can one find the third to obtain 
a critical triple? 

For example, the problem of the existence of critical functions can be 
formulated in the following manner: we are given the function / and the metric 
g, can we complete the triple (., /, g) by a function h to obtain a critical triple 

■:/'•/• R'i- 

We adress the two other questions, first fixing h and / and seeking a 
conformal metric g', and then fixing the function h and the metric g and seeking 
a function /. We obtain answers expressed by the following two theorems: 

Theorem 3. On the manifold (M, g), let be given a function h and a function 
f , satisfying (H). We suppose that the set of maximum points of f is thin. 
Then, there exist a metric g' conformal to g such that (h, /, g') is a critical 
triple. Moreover, we can find g' such that (h, f, g') has minimizing solutions. 
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This theorem was proved by E. Humbert and M. Vaugon in the case 
/ = est = 1 and M not conformally diffcomorphic to the sphere, [23]. Their 
method works in the case of a non constant function / and an arbitrary manifold 
once it is proved that we can suppose the existence of positive critical functions 
satisfying the strict inequality (*) in theorem 2, result we included in this 
theorem (note that, as Supf > 0, we can always find a metric g' conformal 
to g such that J M fdv s / > 0). In fact, when M is not conformally diffeomorphic 
to the sphere and S s is constant, it can be proved that B (g)K(n, 2)~ 2 is a 
critical (constant) function for 1 and g, and it is obviously positive. We will 
discuss weaker hypothesis for this theorem, as well as the problem of existence 
of positive critical functions in section 6. 

The last question brings us to the following answer when the dimension of M 
is greater than 5, requirement which is linked to the fact that — ffpp- dissapears 
in dimension 4 in the inequality of Proposition 1. 

Theorem 4. Let be given the manifold (M, g) of dimension n > 5, and a 
function h such that A g + h is coercive. Then, there exists a non constant 
function f such that (h, f, g) is critical with minimizing solutions if and only 
if, (h,l,g) is a sub-critical triple (where 1 is the constant function 1). 

Note that if (h, 1, g) is weakly critical, then either this triple has minimizing 
solutions in which case it is a critical triple, or there is no non-constant function 
/ such that (h, f, g) is critical with minimizing solutions (see the proof and 
what follows). The proof of this theorem is quite difficult, and make use of the 
method developped for the proof of theorem 1. Also, this proof brought us to 
make some more remarks about critical functions. First, it is easily seen, by 
using the functional J, that if (h, /, g) is a critical triple, then, for any constant 
c > 0, (h, c.f, g) is also a critical triple. It would therefore be more appropriate to 
speak of triple (h, [/], g) where [/] = {c.f jc > 0} could be called the "class" of 
/. Note for example that we can always suppose that Supf = 1; also, to compare 
two triples (h, f, g) and (h, /', g), one has to suppose that Supf = Supf. Note 
also that on [/], the quotient — ¥- is constant. Second, in the proof of theorem 4, 
we had to approximate the function / by a family (ft), unlike theorem 1 where 
we used a family (ht) approaching h. This suggested another possible definition 
of critical functions, dual to the first one in the sense that we exchange the role 
of h and /. 

Definition 3. Let (M, g) be of dimension n > 3 and h be such that A g + h is 
coercive. We shall say that a smooth function f such that Supf > is critical 

M 

for h and g if: 

• a/-' Afc / g = tt=t 

M 

• b/: for any smooth function f such that Supf = Supf and f ^ /. 



n=r as 

K(n,2) 2 {Supf')-^- 



^h,f',g < K=T 

K(n,2Y(Supf)—^- 

M 

Remark: if Supf = Supf and f ^ f , then Xh.f.g 
Jh,f.s( w ) ^ Jh.f.s( w )f or any function w. 
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It is then natural to ask if the two definitions are equivalent (g being fixed) : 

Is f critical for h if, and only if h is critical for f ? 

This question seems quite difficult. A positive answer would justify the 
concept of critical triple. Remember that, because of proposition 1, we have 
in both cases, when P is a point where / is maximum on M: 



n-2 h W> b *W 2 f(P) ■ 



We obtain the following theorem: 

Theorem 5. Let (M, g) be a compact manifold of dimension n > 5, and let h 
be a function such that A g + h is coercive. Let f be a smooth function such that 
Supf > 0. We suppose that for any point P where f is maximum on M : 

M 

A ±^± h(p)>s (P) "- 4A ^( p ) 

n-2 h W >b *W 2 f(P) • 

Then, f is critical for h if and only if h is critical for f. 

Remark: if 1 is critical for h, then every non constant function /, such that 
Supf = 1, is weakly critical for h with no minimizing solutions. Indeed, here 
again if a function / is weakly critical for h with a minimizing solution, then / 
is critical. 

There is an interesting consequence of theorems 4 and 5. We said in the 
introduction that an important application of equations (Ehj, s ) was the study 
of prescribed scalar curvature: being given a smooth function / on the manifold 
(M, g), is / the scalar curvature of a metric conformal to g? The theorem of 
Th. Aubin shows that if / is sub-critical for S s , then / is a scalar curvature. 
Theorem 4 applied to h — jf^jn shows that: 

On a compact manifold (M, g) not conformaly diffeomorphic to the sphere, 
there exist scalar curvatures of metric conformal to g that are only weakly 
critical, (more precisely critical). 

Another application, remarked by E. Hebey, is the study of Sobolev inequality 
in the presence of a twist. See for more details on the construction of twisted 
metrics the article [llj . 

The previous theorems all deal with manifolds of dimension at least 4, or 
even 5. We will give results concerning the dimension 3 in the last section. They 
are very interesting, but they are rapid generalisations of results obtained by 
O. Druet in the case / = constant [13) . the introduction of a non constant / 
introducing this time no real difficulties. We prefer therefore to state them at 
the end, with no proof, sending the reader to the article of O. Druet or to our 
PHD thesis [TU], available online, for more details. 



3 The three main tools 

We want to present here the three main tools used in the proof of our various 
theorems. These tools were developed by several persons since M. Vaugon and 
P.L. Lions, essentially E. Hebey, O. Druet F. Robert, M. Struwe, E. Humbert 
and Z. Faget, among others. 
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3.1 The concentration point. 

To prove the existence of a solution u > to our equation 

Tt + 2 

{Eh,f, g ) ■ A g w + h.u = A./.u"- 2 , 

the idea will often be to associate a family of equations having minimizing 
solutions u t > : 

E t : A g u t + h t .u t = Xt.f.Ut' 2 

with 

h t ^h in C°' a (M) 

and A(->Aa converging sequence of real numbers, in such a way that for some 
u G H\ : u t — > u strongly in LP , p < 2*, and u t —r u weakly in H\ with a 
constraint 

f.u 2 t dv g = l. 

To simplify, we will suppose that all convergences are for t — > to = 1. The 
difficulty will be to prove that u is not the trivial zero solution, as then, by 
the maximum principle, we have u > 0. We will proceed by contradiction, and 
suppose u = 0. The idea is then that, because of the condition j M f.v% = 1, all 
the "mass" of the functions Ut, which converge to in LP , p < S !*, concentrates 
around a point of the manifold. We thus define: 

Definition 4. x <E M is a point of concentration of the sequence (u t ) if for 
any 5 > : 

limsup / uf dvg > 

t-¥t J B(x ,S) 

It is easy to see that because M is compact and we require J M f.vq dv s = 1 , 
there exist at least one point of concentration. We will show that there exists 
only one point of concentration, that it is a point where / is maximum, and 
that there exist a sequence of points x t converging to a point x G M such that 

Ut{x t ) — maxtij — > +oo, 

M 

and 

u t ^Q in Cf oc (M - {x }). 

In fact the idea is that one can do " as if the functions u t have compact support 
in a small neigbourhood of x when t is close to t . 

3.2 Blow-up analysis 

Thanks to the concentration point, one brings back the study of the family w t 
converging to 0, to what happens around xq. The idea of blow-up analysis is to 
do a "change of scale" around xq- we will call blow-up of center x t and coefficient 
k t the following sequence of charts and changes of metrics. We consider, for 5 
small enough: 

B{xt,S) CXP >* B(0,S) cl" % B(0,y)cl" 

x i — ^ ktx 
g -> gt = exp* t g -> g t = k 2 t {^)*g t 
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where exp X( 1 is the chart deduced from the exponential map in x t . We set 

u t =u t o exp Xt 
ft =fo exp Xt 



h t = h t o exp x 



We have 



— n-2 



We then set 



A St u t + h t .u t = Xtft-u, 

ufdv gt = / u"dv s for all a > 1 

-8(0, r) " JB(x t ,r) 



m t — Max u t 

M 

tit = m^o^" 1 
h t = h t o ip-i 

ft = 7 t °K 

It = fc t 2 (exp a;t o^- 1 )*g, 



so in particular 



u t (x) = m t 1 u t { — 



S /(■'•) = exp* t g(-). 



Then: 



~ 1 ~ m n2 ~ "+ 2 

(E t ) : Ag t ut + T^ht.ut^^^Xtffur 2 (3) 



1.2 L.2 



and : / U «cfo it = / 

JB(0,k t r) m t JE 



ufdv g 



(0,fc t r) '"i JB(x t ,r) 

We will mostly use the following parameters : we consider a sequence of points 
(xt) such that: 

m t = Maxu t = u t {x t ) := n t 2 

M 

and 

fct = /i t _1 . 

/x t will appear to be a fundamental parameter in the study of concentration 
phenomena's. Noting (x l ) the coordinates in R n , one has : 

{Et) ■ A gt 2 t + ii 2 t l t .u t = Xjt.uf^ 2 (4) 
and : / x Zl ...x Zp .ufdVg t = u~ p ~ n+a ~ I x 11 ...x tp ufdv gt 

JB(0,u7 1 r) ' JB(0,r) 
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A very important result is that when /j, t — > and therefore kt — > +00, 
the components of g t converge in Cf oc to those of the euclidean metric, and 
(E t ) "converges" to the equation: 

71 + 2 

A e u = \f(x ).u™- 2 



in the sense that 



C. 



It is known, then, that 



n(n — 2) 



3.3 The iteration process 

The idea of the Moser iteration process is to multiply the equations (E t ) by 
succesive powers u k of the functions u t and to integrate over M to obtain bounds 
on increasing L p -norms of the u t - To localize the study around the concentration 
point xq, which is a maximum point for /, we shall in fact multiply the equations 
by r] 2 u k where 77 is a cut-off function equal to 1 (resp.O) on a ball B(xo,r) where 
/ > 0, and equal to (resp. 1) on M\B(x , 2r), and where k > 1, then integrate 
by part. We will therefore be able to study blow-up around xo using this method. 
We get after some integrations by parts, and using equation (E t ) : 



Ak 



(fc + 1) 5 



A I 



fc+1 2 

V(77V ) 



Xt 



M 



(- 



M 



1 



ivr?r 



2(fc- 1) 



(fc + 1) 



2V A V - V 2 h t )u k t +1 
(5) 



where the integrals are taken with the measure dv s . Then using Holder 
inequality, if / > on Supp r\ we obtain: 



A, 



/ 



frj 1 u}- l u k t <\ t {Sup f)^.( 



I M Supp r] 

Then using Sobolev inequality : 



/«r a )».( 



Supp Tj 



(7]U t 2 )»-=>)- 



M 



A I 



AI 



V(r?M t 2 ) 



+ B 



A I 



with B > 0. Therefore: 



l K + J-J iM Suppr] 

+ Jm((4tF^ + ITT IV^I 2 + f^^Ary - r^)^ 1 

Then: 



f t+l 2n n-2 4fc f 

Q(t,k, V ).( ( V u t > )*=*)— < (^^ B +Co+C v ) / 
Jm l K + X J 



uT 1 

Supp T] 



(6) 



12 



where 



Q{t,k,rj) 



4fc 



(fc + 1) 

where we remind that 2* 2 " 



, X t K(n,2) 2 (Sup f)^.( 



Supp T) 



Supp 7} 



f-< ) 



2 and where C^etC^ are constants independant 
of k and t and such that Vfc > l.Vi : 



2 IV7 ,2 , 2 ( fc -!) a 



fc + 1 



(fc + 1) 2 



L°°(M) 



< C, and ||/ii|| LO 



(M) 



If the sign of / changes on Supprj, we go back to Holder's inequality: 

A t / f V 2 upu k t < a 4 ( sup i/i).( / ur*)S.( / (W* 1 )^: 

JM Supprj J Supp r) JM 

to obtain (6) with: 



Q(t,k,rj) = 



4fc 



(fc + 1) 2 



A t tf(n,2) 2 ( Sup |/|).( 



Supp 77 



,2* ^ 



Supp 7] 



(7) 



One can also replace Sup |/| by Supf. 

Supp r\ M 

The goal is to show that (r}u t ) is bounded in L^ 2 " and therefore that we 
can extract a sub-sequence converging strongly in L 2 . 
Remark 

Those three tools also work for more general equations that we can associate 

71 + 2 

to (Ehj, s ) ■ A g u + h.u = fih-.f-u n - 2 . like e.g. 

E t : A s u t + h t .u t = Xt-ft-uf' 1 

where q t — > 2* and f t — > f in some L p , still with h t -> hin C 0,Q (M) and A t -> A, 
and where we require J M f t ufdv s = 1. 

ioGM will then be a concentration point for (u t ) if for any 5 > 0: 



limsup / 

t-H JB(x a ,S) 



uf > 



Blow-up and iteration process are then similar. Formulas (6) et (7) become 



Q(t,k, v ).( ( V u t > )*)« 

JM 



,k+l 



Supp 7] 



where 

Q(*,M) 



4fc 



(fc + 1) 2 



A t (t/o? 9 (M))^- 1 X(n,2) 2 ( Sup |/|).( 



Supp T} 



u - 2 



Supp rj 



3.4 Principle of the proof of theorem 1 

We want to prove the existence of a positive solution u to the equation: 



{ E h,f,g) ■ A g u + h.u = A./.u"- 2 
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As we said at the beginning of this section, we will study associated equations 
and minimizing solutions: 



E t : A s u t + h t .u t = Xt-f.u 

with 



n — 2 



h t %h in C°' a (M) 



the ht being sub-critical by hypothesis. The idea is the following: we are going 
to introduce in the Sobolev inequality the equation E t to obtain a contradiction, 
when Ut — t 0, with the condition 

%tzD. MP ) >S (P)- n - AA ^ 

n-2 2 f(P) 

when P is a point of maximum of /; remember we will show that the 
concentration point is a maximum for /. 

To simplify, let us assume that g is flat around xo and that / = 1. Then 
S g = near xq and our hypothesis is: 



2 

4(n ^T) ' 



h(x ) > = — -S s (x ) 



Therefore, for t close to 1: ht(xo) > 0. But on the one hand, as u t is minimizing, 

Xh t ,f, s =Jh t (ut) :=A* <K(n,2)- 2 

and thus: 



/ 

J A 



\7u t \ 2 dv s + h t .u 2 dv s = A t ( / ufdv s )^=\ t <K(n,2)- 2 (8) 

M JM JM 



because J M u 2 dv s = 1; and on the other hand, the Sobolev euclidean inequality 
gives 

K{n,2)- 2 ( f v 2 ')* < f \Vv\ 2 . (9) 

However, if u t — > 0, we will show that there is a concentration phenomena, and, 
as we said, this enables us to do "as if the functions u t had compact support 
in a small neighbourhood B of x where h t > 0. We would then have because 
of (8) 

/ \Vu t \ 2 <K(n,2)- 2 ( f uf)^ =K(n,2)- 2 
Jb J b 

as ht > = S g in B; and on the other side, because of (9) 

f \Vu t \ 2 >K(n,2)- 2 (f uf)* -if(n,2)- 2 

J B J B 

thus a contradiction. To apply this idea, we will have to multiply the functions 
u t by cut-off functions, make developments of the metric and of /, and apply all 
the results concerning concentration phenomena's that we shall expose in the 
next section. 
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Let us go in some more details. We want to prove the existence of a minimizing 
solutions to : 

(Eh,f, s ) ■ A g w + h.u = A./.ti"^ 5 with / fu 2 = 1 

Jm 

when there exists a family (ht) of subcritical functions: 

htAh in C°' a (M) 

As the (ht) are subcritical, there exist a family u t of minimizing solutions of the 
equations 

n+2 r 

E t : A s u t + h t .u t — A t ./.u t ™~ 2 with / fu t dv s = 1 

Jm 

where A t — >■ A are the inhnimum of the associated functionals. 

As A g + h is coercive, (u t ) is bounded in H 2 , thus there is a u G H 2 such 

H 2 

that w t — \ u. u is a weak solution of {Ehj, s ), thus by standard elliptic theory u 
is in fact a strong solution. Then, the maximum principle tells us that: 

either u > 0, or u = 

If u > 0, one shows with known techniques that u is in fact a true minimizing 
solution of (Eh,f, s ), and so the theorem is proved. 

So, all the dificulty is to avoid the null solution. We therefore proceed by 

contradiction and assume that u t —r 0, and therefore that u t — > for any p < 2*. 
The idea is then that, because of the constraint J M fu 2 dv s — 1, all the "mass" 
of the funcions Ut concentrates around one point. Remember that we define a 
point of concentration as a point x G M such that 

V(5 > : Jim / uf > est > 

Jb(x.S) 

As M is compact, it is easy to see that there exists at least one point of 
concentration. The first very important point to prove is that, after extraction 
of a subsequence: 

1/ There exists precisely one point of concentration, xq, and it is a point 
where / is maximum on M. 

Then, the goal of the study of this concentration phenomenom is to get a 
good descrition of the behaviour of the (u t ) around x . One obtains the following 
information (up to extraction of a subsequence ): 

2/ u t -> in Cf oc (M - {x }) 

3/ there exists a sequence of points (x t ) converging to x such that u t (x t ) — 
Sup(u t ). 

M 

4/ one obtains estimates of the form f B r Xf ^ d(x tl -) p u" ~ (Sup^t))^ 13 where 
p, a, ft are positive constants. 

2/ and 3/ are obtained by Moser iterative process (one multiply equation 
E t by increasing powers of u t and integrate, getting in this way bounds on 
increasing L p -norms of the Ut); 4/ is obtained by blow-up (one transfers the 
equation E t and integrals of the form in 4/ in exponential charts exp" 1 and 
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multiply the transferee! metric (exp~^)*g by some power (Suput) k ; when t — > 
oo, (Suput) ~ > oo, and the equation and the integrals "converge" giving the 
required informations.) 

Intuitively, the image is the following: 
(sketch) 

The u t "concentrate" around xq. The idea is that we can do "as if the u t were 
with compact support around xq. We obtain in fact very precise information on 
the shape of the u t around x - 

To get a contradiction, the idea is the following: we want to contradict the 
hypothesis 

4 ("-- 1 )w n rw \ n-4A K f(x ) 

as x is a point of maximum of /. We want to use the euclidean Sobolev 
inequality: 

JR" JR" 

in which we would inject equation E t , that is we would like to integrate by part 
the gradient term and then replace the euclidean laplacian that would appear 
by its value taken from the equation. 

IF the Ut were with compact support in a small neighbourghood around xo, 
IF the metric were euclidean, IF the points of maximum of the u t were all in xo, 
then we would obtain quickly a contradiction as explained at the beginning of 
this section. But, the Ut are not supported in a small neibhourghood of xo, this 
requires the use of cut-off functions; the metric is not euclidean, this requires to 
expand the euclidean laplacian and the euclidean measure dx with respect to 
the laplacian A g and the measure dv g ; and the points of maximum of the Ut are 
not in xo, which is the main difficulty introduced by the non-constant function 
/. The technique is then the following: 

We read everything in charts exp~^; it is in these charts that we write the 
Sobolev inequality for nu t where 77 is a cut-off function; all the integrals and 
functions are to be understood as read in these exponential charts. 

K(n,2)- 2 (f (nu t fdx)^<[ \V euc (nu t )\ 2 euc dx 

JR" JR" 

In this inequality we make some integrations by parts, replace the euclidean 
laplacian appearing by A g and expand dx whith respect to dv g , and finaly 

write that A g u t = X t .f.u^ 2 — h t .u t to obtain: 

[ M? < terms in R n [ x^uf + terms in l (f - Supf)u? 

JB{x t ,8) JB{x t ,S) JB(x t ,S) 

(Here Rij is the Ricci tensor). Now, the estimates 4/ allow us to rewrite the 
first two terms to obtain: 

— 4 —4 —4 —4 / 

h(xo)(Supu t )™^ +o((Supu t ) 7r:i ) < S s (xo)(Supu t ) 7rri +o((Suput)™ = *)+ terms in / (f-Supf)u 

JBtxt.S) 



We would therefore like to prove that the last term is equivalent to 
- ^ A f(xo) 0) ( Su P u t)^ +o{{Supu t )^). For this, we expand /. BUT, if we 



16 



develop/ in x t to use the estimates 4/ centered in x t , the first derivatives of / 

— 4 

appear, but they give integrals whose order in less than (Supu t ) n - 2 : 

J dif(x t )x l uf ^ order < (Sup Ut) 7 ^ 

To overcome this difficulty, as suggested by H. Hebey, the idea is to use a very 
strong theorem of O. Druet and F. Robert, which says that we can do as if the 
u t are radial, therefore the above integral is 0. 

The other solution is to expand / in xo, because then the first derivative are 
as xq is a maximum point. But then, we have to translate the estimates 4/ in 
x to have f B , Xt 5 n d(x , -) p uf ~ (Sup(u t ))~P ■ This requires an estimate on the 
speed of convergence of (x t ) to xq whith respect to (Supu t ). Precisely we need: 

-2 

d(x t ,x ) < c.(Supu t ) n - 2 

Then we can relace Xt by x$ in the estimates and conclude. I obtain this estimate 
with the additional hypothesis that the Hessian of / is non-degenerate at the 
points of maximum (theorem 6). This estimate is very important in the study 
of concentration phenomena, and has been studied by various authors in similar 
settings, often in the case / = cste, but then requiring hypothesis on the 
geometry of the manifold. Here it seems that the hypothesis on / fixes the 
position of the concentration point and impose the speed of convergence. 



4 Proof of theorem 1 
4.1 Setup 



Let h be a weakly critical function for / and g such that for any P G M where 
/ is maximum on M we have : 

h(P) > n - 2 s (p) ("~ 2 K"- 4 ) ^gffl 

( }> 4(n-l) Se{F) 8(n-l) f(P) 

and such that there exist a family (h t ), h t ^ h, h t sub-critical for every t, and 
satisfying h t — > h in C°' a . To simplify, we suppose that to = 1 and that t — > 1. 

t-¥t 

Then for every t : 

1 

A* := Xh t ,f,g < 



K(n,2)2(Supf)^ 

M 

and there exist a family u t of minimizing solutions of the equations 

E t : A s u t + h t .u t = Xt.f.Ut' 2 with / fu t dv g = 1 

Jm 

We then see, as A g + h is coercive, that the sequence (ut) is bounded in tP\ 
(just multiply E t by u t and integrate on M). Thus, there exist a function u G 
Hi , u > such that, after extracting a subsequence, 

Hi 
U t —r U, 

L 2 
p.p. 

u t -> u, 
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and we can suppose 

A t 4 A< 



tf(n,2)2(S«p/)^ 

M 



In particular 

u t -> u, Vp < 2* = 



n - 2 



as the inclusion of -fff in L p is compact Mp < 2*. Therefore u is a weak solution 
of 

n + 2 

A g w + h.u = A./.U"- 2 

and by standard elliptic theory, u is C°° . The maximum principle then gives us 
that either u > or u = 0. 

If u > then, using elliptic theory and iteration process, and the fact that 
h is weakly critical, one can prove that: 

A 



K(n,2)*(Su P f)- 

M 



and then that u is a minimizing positive solution of 

1 n + 2 f „* 

A s u + h.u= — ^-.f.w"- 2 with / fu dv s = 1 

K{n,2Y{Supf)^ Jm 

M 

and the theorem is proved. 

If u = 0, we will show that there is a concentration phenomena. All the 
study that follows will aim at finding a contradiction. From now, we suppose 
that we are in this case: 

u = 0. 

4.2 Concentration phenomena 

In this section we study the behavior of a family of C 2 ' a solutions (u t ) of 



n+2 r 2. 

A g u t + h t u t = \ t fut~ 2 with / fu^ 2 dv s = 1 

Jm 



I M 



where / is a smooth function such that Supf > 0. We also suppose that h t —¥ h 

M 

in C°' a where h is such that A g + h is coercive. The sequence (ut) is bounded 
in Hf, therefore, up to a subsequence, ut —r u weakly in H 2 , and we supose that 
u = 0; that is u t — > in any LP for p < 2*. We also make the following "minimal 
energy" hypothesis: 

At " K(n,2f{Supf)^ 

M 

and we can suppose that At -4- A. All this hypothesis are satisfied by the u t 
of the preceding section. The results of this section are valid for dimM = 3, 
exept L 2 -concentration, valid for dimM > 4. In all this text, c, C are constants 
independant ot t and S. 
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Proposition 2. There exist, after extraction of a subsequence, exactly one 
concentration point xq, and it is a point where f is maximum on M. Moreover 



V<5 > 0, lim / fufdv g = 1 
t ~^ 1 JB(x n .S) 



B(x a .S) 

Proof : We apply the iteration process. First, as M is compact, there exist 
at least one point of concentration. Otherwise, we could cover M by a finite 
number of balls B(xi,S) such that lim J B ^ x ^ u 2 = 0, and we would have 

lim J M u 2 = 0, which would contradict 

1= / fufdv s <Sup\f\ I ufdvg 
Jm Jm 

The principle of iteration process is the following: if we find, for a point x, a 

cut-off function -q equal to 1 around x such that Q(t,k,rj) > Q > 0, we get, 

fc+i 

using formula (6) or (7), that (r]u t 2 ) is bounded in L 2 , and therefore we can 
extract a subsequence such that (rjut) converges strongly to in L 2 ; thus x 
cannot be a concentration point. 

Let us prove now that we can do this for a point x such that f(x) < 0. If 
f(x) < 0, we choose S small enough such that / < on B(x, S) and we choose 
i] with support in B(x,5). As (u t ) is bounded in H 2 and thus in L 2 , we get 
using formula (5), that for any k such that l<fe<2* — 1: 



4fc 



(fc + 1) 2 



Jm Jm « + 1 (« + 1) 



where C\ is independent of Therefore for any k such that 1 < fc < 2* — 1 there 
exist C2 independent of t such that: 



/ 

Jm 



V( V u t 2 ) 



< Co 



Therefore (rju t 2 ) is bounded in H 2 and, using Sobolev inequality, (rju t 2 ) is 
bounded in L 2 for any k such that 1 < k < 2* — 1. 

If /(a;) = 0, by continuity of / and choosing 5 small enough, we get in (7) that 
for any k such that 1 < k < 2* — 1, Q(t, k, -q) > Q > 0. Therefore, as we said, here 

again (r)u t 2 ) is bounded in L , and therefore we can extract a subsequence 
such that (rju t ) converges strongly to in L 2 . Thus, when f(x) <0,x cannot 
be a concentration point. 

Now, let x be a concentration point: f(x) > as we just saw. For 6 > such 
that / > on B(x, S), set 



lim sup / fu t = as 

Jb(x,s) 

Then as < 1 as J M fu\ = 1. Suppose that there exist <5 > such that as < 1. 
Because 

At -> A s$ — 

< K(n,2) 2 (Supf) — 

M 
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we get 



]im X t K(n,2) 2 (Sup f) — a 5 < 1. 

t-H M 



Beside, ,, f^rg — > 1. Therefore, for k close to 1 such that 

> 

Ti — 2 4& 

lim \ t K(n,2) 2 (Supf)~a s < 

t->i A f (fc + 1) 2 

we get, taking ry with support in B(x, 5), that in formula (6): Q(t, fc, ry) > Q > 
for all t, where Q is independent of t. So, as before, x cannot be a concentration 
point, and we have a contradiction. Thus as = 1, V<5 > 0. Therefore x is the only 
concentration point, that we will now denote xq- The same reasonning shows 
that, necessarilly, 

1 



A 



Kin^nSupf) 1 



A I 



In the same way, if f(xo) ^ Supf , there exist 5 > such that Sup f < Supf. 

M B(x ,S) M 

But A 4 < 1 



K(n,2) 2 (Supf) — 

' .2 



2* -2 



}imA t %^( Sup /) — ( / fut )"s- < 1 . 

5(2:0,(5) JB(x a ,S) 

Then for fc close enough to 1, taking 77 with support in B(xq, 5), we get in (6): 
Q(t,k,n) > Q > for all and once again we have a contradiction. Therefore 
f(x ) = Supf > 0. 

M 

Note that this is the main particularity introduced by the function / on the 
right of equation (Ehj. s ). It gives a precise location for the concentration point. 

The next propositions concerning the concentration phenomenom are now 
quite standard, even though they are mostly published in the case / = constant 
and often with few details. We shall therefore give possible proofs, refering 
to the books [14] and |15] for more information, the presence of a function / 
introducing only slight modifications that we will indicate when necessary. 

Proposition 3. u t — > in C ; ° oc (M - {x }). 

Proof : It is a typical aplication of the iteration process in standard elliptic 
theory. First step: Let q > be fixed. We prove that for any 5 > 0, there exists 
C = C(S, q) independent of t such that for t close enough to 1: 

\\ u t\\Li(M\B(x ,5)) - C |KHl2( M ) • 

To apply the iteration process, we build a sequence 7?i,...,r? m of m cut-off 
functions such that nj = on B(xo,S/2) and nj = 1 on M\B(xq,S) and such 
that 

M\B(x ,6) C ... C {n 3+1 = 1} C Suppn j+1 C {nj = 1} C ... C M\B(x Q ,6/2) 

and where m is chosen such that 2( 2 j) m > q. We set qi =2 and qj = 
The iteration process (6), (7), gives that 

Q(t, qj - 1, rfe).( / (n.uff)^ < ( 4{qj ~ 1] B + C Q + C, h ) f uf . 

JM "j JSupprij 
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But for j < m we have 4 ^ J 2 ^ > c > and from proposition 2, J Suppn _ uf — > 0, 
therefore in (7), 

Qftty-l.ty) >c>0, Vj. 
Thus there exists a neighborhood V,- of 1 and a constant Cj > such that for 

teVj-. 



M Supp r)j 



Then by construction of the rjj we have 



. 2* 



«,*' )— < C7,- / 

{%=!} •'{'73-1=1} 



and thus 



\\Ml«(m\b M ) < C (U Q) WMlhm) V* g Vi n ... n . 

Second step: By Gilbarg-Trudinger theorem (8.25) [15], we have : if u is 
solution of an equation E : A g it + h.u = F, where A g + h is coercive, and if 
uj CC uj 1 are two open set, for r > 1, q> n/2 : 

Supu < c\\u\\ Lr(u]l) +c' \\F\\ Lq(ujl) . 

This theorem is also an application of the iteration process. We apply it to 

E t : A s u t + h t .Ut — \t-f-Ut~ 2 and to uj CC uj' C M\{xq}. 
Then with the first step applied to <?^z§, and chosing 

uj = M\B(x , S), uj' = M\B(x , 5/2), r = 2,q>n/2 

we obtain 

Sup U t < C \\Ut || r ,2 (,„,) + c'A? \\Ut\\ n ~n+2 

M\B(x ,8) L 5 ™-2(w') 



< c \\ u t\\mM)+ c " \\ u t\\hlM) 

But ||ut|| i 2( M ) — > 0, thus the result. 

We recall now the notations of subsection (3.2): we consider a sequence of 
points [xt) such that 

n— 2 

m t = Maxu t — u t (x t ) :— \x t 2 . 
Af 

From proposition 3, xt — ► xo and fit — > 0. Remember that u t , f t ,h t , gt are the 
functions and the metric " viewed" in the chart exp^ 1 , and Ut , /it , ft , g t are 
the functions and the metric after blow-up. From now, all the blow-up's will be 
made on balls B(x t ,S) where / > 0, which is possible as f(xo) > 0. 

Proposition 4. Vi? > : lim [„, „ * fit? dv e — 1 — ep where ep — > 0. 
Proof: This is a direct application of blow-up analysis in x t with k t — fit . 
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Then: 

Js(x t ,^ t ) /«f = / B(0ifl) 7t-u?dVg t t -> /(so)(/ B( o ifl) " 2 *dx) ^ 1 

Proposition 5. Weak estimates, first part. 

3C > suc/i thatVx 6 M : d g (a;, a^^u^a;) < C. 

Proo/ : Define = d s (x, xt) 1 ^ u t (x). We want to prove that there 

exists C > such that Supw t < C. By contradiction, we suppose that (for a 

M 

subsequence) Supwt — > +oo. Let yt be a point where Wt is maximum. M being 

M 

compact, d g (x, x t ) is bounded, therefore u t {yt) — > oo, and thus from proposition 
3, j/t — > xo- Besides, the definition of p t gives: 

d ^ Xt) -> +oo . 

2 

We now do a blow-up of center and coefficient fc t = ut(j/t)" -2 an d w ith 
TO t = u t{yt)- We obtain (taking the notation of 3.2 for this case) : 

Ag t u t + u t (y t )~~^lit-Ut = Xtft-v t n - 2 . 

ttxe 5(0,2) : 

d s (xt,exp yt (u t (y t y^x) > d g {y t , x t ) - 2u t (y t )~^ 

> u t (y t y^(w t (y t )^ - 2) - d s (y t ,x t ) 
as w t (yt) — > oo and u t (yt) — > oo. Therefore, for t close to 1: 

2 1 

d g (x t ,exp yt (u t (?/ t ) »-^) > -d s (y tl x t ) . 
By consequence, for any R > and i close to 1: 

S(y t ,2u t (y t )-^)nB(a;t,i2/i t ) = 
Therefore, by proposition 4, 

B(0,2) ' St J B(y u 2u t (y t )-—*) J * g ~ J M\B{x u R^) 



t— >1,.R— s-oo 

But the iteration process then gives that for 1 < k < 2* — 1 : 

u t 2 d«g — ^ 

S(0,1) 

and by iteration we obtain that Vp > 1 : 



< / fufdvg - / /u 

JM JB(i t ,%) 





dw= — > 



'B(0,1) 

We deduce that ||wt|| £ oo( B ( ^ — > whereas u t (0) — 1. Thus a contradiction. 
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Proposition 6. Weak estimates, second part. 

Ve > , 3R > such that Vt, Vx E M : 

dg(x,x t ) > R\it => dg(x,x t )^~u t (x) < e. 

Proof : We use the same method, supposing the existence of a £o > and 
yt E M such that 



lim d g (yt,a; t ) 



t->i 



+oo ct w t (y t ) = d s (y t ,x t ) n i u t (y t ) > e 



We do a blow-up of center j/ f and coefficient fc t = u t (yt) n - 2 and with m t 

2 

Then, with these hypothesis, if x E B(0, \£$~ 2 ) '■ 

2_ 1 —2- 2_ 

d g (a; t ,exp (u t (j/ t ) »- 2 x) > d s {y t ,x t ) - -s^' 2 u t (y t ) «-= 



Therefore for any i? > and £ close to 1: 

1 



B(y t ,-eo 2 u t {y t ) ^)r\B(x t ,R^ t ) 



Therefore, as previously: 



2 f t .ufdvg t -> 

5(0, i £o ^) 

and we obtain in the same way a contradiction. 

Proposition 7. L 2 -concentration. 

If dim M > 4, V<5 > : 

,. Ib(x ,S) U t dv S 

hm — ^ ^- = 1 

] M U t dv S 

Proof : We first use the two first step of the proof of proposition 3 to show 
that there exists c > such that: 

Sup u t <c\\u t \\ L2(M) . 

M\B(x ,S) 



Indeed, going over what we did there,: 

Sup u t < c\\u t \\ L2{ojl) +c\ q t 



M\B(x ,S) 



£,«(«') 



< c \\ u t\\ L HM) +c'\ q t Sup(ut 2 )\\u t \\ Lq(ul) 



< c" \\u t 



HM) 

Il 2 (m) 



1+2 

2-2 



as we know now that Sup{u^ 2 ) — > and that, on the other hand, the first 
step of the proof of proposition 3 gives H^tH^^/) < C \\ut\\ L 2^ M ^ 
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Third step: Using this: 

\\ u t\\ 2 L2(M\B(x .8)) < Su P u t- / U t 

M\B(x ,S) JM\B(x ,S) 

< c II m *IIl 2 (m) II u *IIli(m) 

(10) 

We now want to prove that 

\\ut\\ L i (M) <c\\u t \\ 2 L ^- 1{M) . (11) 

If h > 0, we get the result by integrating equation E t . Otherwise, as \h,f,g > 0, 
for any q e]2, 2* [, there exists ip > solution of A g y> + hip = Xhj, g ./.<£ 9_1 . We 
set 

g' = ^—2g and /i t = 

<£>n-2 

Then for i close to 1 

- ^ 9 ~ 2 * - (h - h t ) v 2 - T > £ > 
Besides, by conformal invariance, and using E t , we have: 
Ag/u t + h t .u t = \ t f.u t ™- 2 
where ui — (fi^ 1 Integrating, we obtain: 

£o / uidv s > < X t Supf / u^~^dv s ' 
Jm Jm 

and thus there exists C > such that for t close to 1 

IKHi,i(M) ^ C ll M tllz,2*-i(M) 

where the norms are now relative to dv s . 

Fourth step: We conclude using Holder's inequality. If n = dimM > 6 : 

Kllf^V) ^ IKIlSlo Voi g (M)^ . 

With (10) and (11), we obtain : 

lim lhllVvw)) = Q 
^ htf L 2 (M) 

which proves the result. If n = 5, Holder's inequality gives: 

IHI^ 7 -i(M) ^ W U tWh(M) W U t\\h(M) 

and we also conclude using (10) and (11). If now n = 4, we have to use 
proposition 6 and the associated blow-up. We have 

\\ u t\\li(M) . .. ,, ,, / B (o,«,.r 1 ) 5 * <fo ** 



, II < \\ u t\\L°°(M\B(x„,8)) H U *Hi2(JVf) + ,,• , , J 
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Then for any R > 0, using Holder's inequality and proposition 6, we obtain: 



JB^OJ^ 1 ) JB(0,R) Jbioj^ 1 ) 



u%dvg< / u%dVg t +s R ( tfdVgY- 



It follows that for any R, R' > 0, 



,. II u *IIl 3 (a/) . Ib(o.r) u3 ^ x 
hmsup- — p — 1 — - < er 



t-s-l 



'>\ u t\\ L i(M) (lB(0M') u2dx ) 2 

As u e i 3 (IR 4 ) and ^lim J B ^ Q u 2 dx — +oo, we finally get 

I II 3 

.. \\ u t\\L3(M) n 

hmsup-jj — jj = 

t-s-l lFt|| L 2 (M) 

and we conclude once again using (10) and (11). 

Proposition 8. Strong estimates. 

For any v, < v < n — 2, there exists a constant C(y) > such that 

\/x G M : d s {x,x t ) n - 2 - v Ht^ +V Ut{x) < C{v) 

Proof : The proof requires the use of the Green function and of the weak 
estimates. The idea is due to O. Druet and F. Robert [16] . We recall first the 
property of the Green function. If A g + ft, is a coercive operator, there exists a 
unique function (at least C 2 with our hypothesis) 

G h :Mx M\{(x, x), x £ M } -> R 
symetric and positive, such that in the sense of distributions, we have: Vx G M 

A g , a G h (x, y) + h(y)G h (x, y) = 5 X (12) 
Furthermore, there exists c > 0, p > such that V(x, y) with < d g (x, y) < p : 

" -,<G h {x,y)< - (13) 



d s (x,y) n 2 ' d s (x,yY 

\V y G h {x,y)\ > c 
G h {x,y) ~ d g (x,y) 

c and p vary continuously with h 

Gh{x, y)dg{x, y) n ~ 2 -)• when d g {x, y) -> (15) 

(n - 2)o; n _i 

To prove these strong estimates, it is sufficient, considering (13), to prove that 

p t 2 Ut{x) < c'G]~ u (x,x t ), (just change v by (n — 2)v). First, notice 

that, using for example the weak estimates, the strong estimates are true in any 
ball B(xt, Rpt) where R is fixed. We therefore have to prove the estimates in the 
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manifold with boundary M\B(x t , Rp-t) whose boundary is b(M\B(x t , Rp-t)) = 
bB(xt, Rpt)- For v small, there exists Eq > such that he operator 



h - 2e 
l-i/ 



is still coercive; let G be its Green function. To prove our esimate, we apply the 
maximum principle to : 

L t tp = A s (p + h t tp - Xtfut ~ 2 tp 

and to x i — > G 1 ^ v (x 1 x t ) — cp t 2 'u t (x). As L t u t = with u t > 0, L t 

satisfies the maximum principle (see [B]). 

Using (12) and the fact that S Xt (x) = on M\B(xt, Rpt) some computations 
give that Vx E M\B(x t ,R(i t ) : 



-4 (x, x t ) = 2e Q + h t (x) - h(x) - \ t f{x)u t {xf- 2 + - v) 

But for t close to 1, ht — h > —£q as h t — >• ft in C°. Therefore 



VG 



G 



(x,x t ) 



^G 1 



G 1 



-(x,x t ) > £ - hf{x)u t {x) 2 2 + u{l-v) 



VG 



G 



(x,x t ) (16) 



We now separate M\B(xt,R(J>t) in two parts using a ball B(x t ,p) where p > 
is as in (13) and (14). For t close to 1, p > Rp t - R> will be fixed later. 
l/:As u t ->• in G,° oc (M\{x }), (16) gives for t close to 1: 

Vx e M\B(x t ,p) : LtG^'&Xt) > 0. 
2/: Using the weak estimates (second part), in B(x t , p)\B(x t , Rpt) '■ 
d s (x,x t ) 2 u t (x) 2 ~ 2 < £ R 
where £r — > 0. Then, with (14) et (16), for R big enough: 

R— >oo 

LtG 1 -" 



> £ - A f ( Sztp /)■ - j2 - + i/(l - v) 



> e 



B(x t , P ) 'd s (x,x t ) 2 
d 

> 



d g (x,x t ) 



d s (x,x t ) 2 



We have proved that in M\B(xt, Rpt) and for any constant Ct > which 
can depend of t : 

L t (G t .G 1 -'{x,x t )) = C t .LtG 1 - v {x,x t ) > = L t u t 

At last, on the boundary b(M\B(xt, Rpt)), using (13), we obtain : 
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So, if we let C t = cr 1 R^-W 1 -") (Jf 2)(1 v) we have for x E 

bB(xt,RlH) = b(M\B(x t ,Rn t )) : 

_ n ~ 2 

C t .G ~"{x,x t ) > n t 2 =Supu t >u t (x) 

Therefore, by the maximum principle : 

C t .G l - v {x,x t ) > u t (x) in M\B{x t ,R^ t ) 

which can be rewritcn 

G 1 ~"(x, x t ) > C^u t (x) = c ^~ {n - 2)[1 - v) u t (x) 

and therefore, using (13) : 

d s {x,x t )^-^-^^- {n - 2)[1 - v) u t {x) < c 
which gives the strong estimates by changing v in (n — 2) v. 

Proposition 9. Corollary: Strong L p -concentration. 

Vi? > 0, V<5 > and Mp > ^ 

lim — t. ^— = 1 — £r where £r — > 0. 

JB(x t ,S) U t dv S R ^ + °° 

Proof : Just apply the strong estimates to a blow-up in xt- By blow-up 
formulae 



u p t dv s > / u\ dv s = fj.' t l 2 p I u\dvg t 



I ^""g ^ I "I R - /'/ / '■/ '" ;/: 

>< M JB{xt,IH) -'3(0,1) 

> c M r^ p 

On the other hand, by the strong estimates: 

/ <cfo g <Cfi P t ^ [ d s (y u x)^-^ p dv s 

JM\B(x u Rl*t) JM\B{x t ,Rnt) 

< c nT pR ^ Rn+(2 ~ n)p 

as soon as p > • Dividing, we obtain the corollary. 

At this point, to carry on the proof of theorem 1, we need a powerfull 
extension of the strong estimates, called C° — theory, which is in fact a complete 

_ Tl-2 

control of the sequence d s (x,x t ) n ~ 2 \i t 2 Ut(x); it is expressed by the next 
theorem of Druet and Robert, and proved in arbitrary energy in [15] . 

Another approach, also accessible at this point and originally used in the 
author's PHD thesis, is to prove another very important estimate concerning 
the "speed" of convergence of (x t ) to Xq, but it requires the additional hypothesis 
that the Hessian of / is non-degenerate at the points of maximum of /; it will 
be our theorem 6, whose proof is independent of the theorem of Druet-Robert, 
only requiring the results up to proposition 9, and appears as a byproduct of an 
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alternative proof of theorem 1. It is however of independent interest, as it is a 
very important estimate concerning concentration phenomena's which has been 
studied by various authors. 

We now state the theorem of Druet and Robert and refer for its proof to 
[15], the function / introducing no difficulties. It says first that one can take 
v = in the strong estimates, but also that one has somehow the reverse 
estimate. 



Theorem (Druet, Robert). For any e > 0, there exist S £ > such that, up to 
a subsequence, for any t and any x € B(xq, S e ) : 



(1 - e)B t {x) < u t {x) < (1 + e)Bt(x) 

where 

w Pt V n(n-2) $ ' 
is the "standard bubble". 



Note that in the proof of theorem 1, we will need the minoration: 
(1 —s)B t (x) < u t (x), which is a stronger result than u t (x) < (l+e)B t (x) which 
must first be proved to get the minoration. 

Finally, we come to our main result concerning the concentration 
phenomenom, which is the "missing link" between the sequence (x*) and xq. 

Theorem 6. "Second fundamental estimate". Suppose that dimM > 5 
and that the hessian of the function f is non- degenerate at each of its points of 
maximum. Then, there exist a constant C such that for all t : 



d s (x t ,x ) 



< C. 



Moreover, if for each point P of maximum of f we have 

h(p) _ n-2 (n-2)(n-4) A S /(P) 

h{P) ~ 4(^1) ^ {P) ~ 8(n-l) JW 

then more precisely 



d g (x t ,x ) 



-)• 0. 



To understand the significance of this theorem, note that the weak and 
strong estimates, the strong L p -concentration and the estimates in the theorem 
of Druet-Robert, are "centered" in x t . Theorem 6 allows one to "translate" 
these estimates in xq in the sense that one can now replace Xt by xq. This 
estimate, called by Zoe Faget "second fundamental estimate", (the "first one" 
being the strong estimate), joined with the estimates of C° — theory presented 
in the theorem of Druet and Robert above, gives a complete description of the 

behavior of a sequence of solutions of equations A g it t + htUt = \tfu^~ 2 in the 
spirit of the study of Palais-Smale sequences associated to these equations. It has 
been studied, for example, by Druet and Robert in the case / = constant = 1 
in [TB] where they require strong hypothesis on the shape of the functions ht 



28 



and on the geometry of the manifold near the concentration point, or by Hebey 
in the euclidean setting. Intuitively, it seems that our hypothesis on / "fixes" 
the position of the concentration point, and so we get a control on the distance 
between x t and Xq. Also, our method seems to be applicable to other settings, 
see e.g. [18] and [TT] . 



4.3 Proof of theorem 1 

We now apply the principle exposed in 3.4. 

Remember that u t ,f t ,h t , g t are the functions and the metric "viewed" in 
the chart exp~ 1 , and u t , h t , ft, g t are the functions and the metric after blow- 
up with center xt and coefficient k t = fa . From now, all the blow-up's will be 
made on balls B(xt,8) where / > 0, which is possible as J(xq) > 0. 

Let also 77 be a cut-off function on M. n equal to 1 on the euclidean ball 
5(0,(5/2), and equal to on R n \B(0,5), < 77 < 1 with |Vr?| < C.5' 1 where 
8 is chosen small enough to have / > on the balls B(xt,S). The Sobolcv 
inequality gives on the one hand 

(/ {rju t ) 2 " dx)* <K(n,2) 2 [ \V (r]u t )\l dx (17) 
Jb(o,s) Jb(o,s) 

where |.| is the euclidean metric of associated measure dx. 

On the other hand, integration by part gives, noting that |V?7| = A77 = on 
5(0,5/2) : 



/ \V{rfut)\ldx< ifut^utdx + C.5- 2 ( 

JB(O.S) JB(O.S) JBi 



—2 

lB(0,S) JB{0,8) J B(0,S)\B(0,S/2) 



u' t dx 



Noting gl J the components of g t and T(g t )ij the associated Christoffcl 
symbols, we write : 

A e ll t = A St u t + (g j J - £«)%Ut - g ^T(g t )%d k u t 

We get from this inequallity, using using this expression of the laplacian, 

equation E t : A s u t + h t .u t = A f ./.w t ™ -2 "viewed" in the chart exp" 1 , and 
using the fact that |V?/| = Arj = on 5(0,(5/2) and with some integration by 
parts: 

|V(^«,|>< A,/ 

B(0,S) JB(0,S) JB(0,S) 

+C.5- 2 [ u\dx 

Jb(Q,S)\B(0,S/2) 



V (s7 - S lJ )d t u t d j u t dx 

(0,6) 



\ f (d k ( g i j T( S ^ j+ d ijE i j )(rju 2 t )da 

1 Jb<0,6) 



>B(0,&) 

Using the Sobolev inequality (17) and the fact that X t < ^=r. we 

K(n,2) 2 (Supf)—^- 

M 

obtain at last: 
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/ h t (rju t fdx <A t + B t + C t + C.5- 2 { u 2 dx (18) 

JB(0,S) Jb(0,S)\B(0,S/2) 

where: 



C t = 



Ib(o,6) V 2 (St - 5 l i)d,u t djU t dx 



M 

These computations were developed in the article of Djadli and Druet |12) . 
Our goal is to use L 2 -concentration (proposition 7) to obtain a contradiction; 
we shall divide (18) by j B r S \ u 2 dx and take the limit when t —> to = 1. 

L 2 -concentration first gives : 

2 Ib(0,S)\B(0,S/2) u t dx ^ „ 
Ib(o,s) rfdx ^ 

Z. Djadli and O. Druet [12] showed (see also [10] for full details): 
Q 

lim-j; ZJ2 — — £ <5 wnere £5—^0 when <5 — > . 

'^JbM u t dx 

Furthermore, as x t — > xo we have lim(9fc( g fT( g t % + du g V ) (0) = 

t—ti 

■$S S (xo), therefore, using L 2 -concentration : 

limT t -=TT = a S s( x o) + £s ■ 

L(o,8) u t dx 6 

It is the expression A t which will give 4 ^ 2 1 ^ S g (xq) ~^S s (xo) and 

(n-2)(n-4) Ag/foo) 
8(n-l) " /(ao) • 

By Holder's inequality: 

/ t ry 2 M 2 dx<{ J t u 2 dx)«( / Jtiv^t) 2 dx)^ 

B(0,S) JB(0,6) JB(0,S) 



Beside : 

1 : 

dx < (1 + —Ric(xt)ijX l x 3 -\-C\x\ )dv St 



Using this development and (1 + x) a < 1 + ax for < a < 1: 



( / / t W 2 <fe)" < ( / f t U 2 dV St )n+- _- {St } + C{S t } 2 

JB(P,S) Jb(0,S) Ub(0,6) ft U t dv gt) n n 

where 

■ 3 _2 



{S t } = -Mc(x t )ij [ x l x J f t ufdv St +C [ 

JB(0,6) JB(0,S) 



x\ w t dv gt . 
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We deduce 

A t < —{A\ + Af) 

M 

where; 

A\ = {( J t u?dv st )i([ J^utfdx)^ 1 -(Supf. [ (rjutfdx)^ 1 

JB(0,<5) JB(Oi) JB(0,S) 

and 

A\ = d^th I x^Jtufdv^+C I \xfufdv St }{l+e 5 ) 

n U B (0,6)ft U t dv St) n JB(0,S) Jb(0,S) 

as {S t } — > when S — > uniformly in t. A\ will give, by developing the metric, 
S s (x Q ) while A\ will give, by developing /, - {n ^% 4) %% o) ■ 
Note that for any a g Hf(B(x Q ,25)) : 

lim = i + O(^) = x + £5 

M JB(x t ,S) adv St 

We start by studying 

1/: We have Hm ^"'" 7 ''^'''^ = 1 + e 5 

2/: Using the weak estimates (proposition 5), |^| 2 w 2 < cw 2 , from where we 

get: 



/*((>,«) \x\ 3 Vt*dv s 



< C.e s 



Jb(0,S) U i*«i 

3/: Using the blow-up formula's we write: for all R > : 



JB(0,5) JB(0,R/j, t ) J B(0,5)\B(0,Rm) 

= Ht x l x 3 J t uf dvg t + / x l x 3 f t uf dv-g 

JB(0,R) J B(Q,Sh^ 1 )\B(Q,R) 



and 



Jb(o.s) JBto.Sur 1 ) 



'B(0,8) JB(0,5/i t _1 ) 

Using the weak estimates again, we get : 



/ x l x 3 f t ufdv^ t < e R . / u 2 c% 

JS(0,5/i t _1 )\S(0,iJ) ./B(0,5/ir 1 )\-B(0,.R) 



thus: 

Jsco^jUt-^VBCCii) x%x3 ft u t dvg t 

Ib^Sij,- 1 ) U t dv St 

where e« — >■ when i? — > +oo. Now, if z ^ j : 



lim ^7- < hm ^r- = 
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because 

*-« = (!+ K{n %H_ 2) N 2 )-- <» ^(0, R)) 

and u is radial (see subsection 3.2). 
If i = j: 

Ib(0,R) xtxl ft u 1 dVg t j B ^ R ^(x 1 ) 2 f t u1 d,Vg t fB(0,R) U t^ V St 



But as soon as n > 4, using strong L 2 -concentration (proposition 9), we obtain: 

T . — Ib(o,r) Utdvg t 
hm lim-^ — 1 ; — ^5 = 1 

therefore 



«-»«-» /«o,J„r') "?*'«. /«-« 2 ^ V ''4(n-1) 



and thus 



A3 n-4 



nm — ? 5"; = 7777 TT'S'k^o) + £S 

^f(x )^K(n,2rf B{0 . s) u 2 t dv St 12(n-l) 
which, with lim T — Bt ^ = i-S g (a;o) + £«5 gives 
— — . 1 A? B t . n - 2 „ . . 

um ( — 7 o~i 1" "7 9T - ) = 77 TT^g^o) + ^5 

f(x )^K(n,2)z f m5) u 2 t dv gt J B{0 ^u 2 t dx J 4(n - 1) 
If n = 4 we write: 

hm T^ jg^^gj^ < /(iCo) ^ g(n>2) 2 



«->oot-n / B(0i4 ^-i) «?d«g t ' ' 4(n-l) 

and we get the conclusion by distinguishing two cases, S s (xo) < or S s (xo) > 0, 
the proof being finished as A ^^°^ does not appear in dimension 4 (sec the end 
of the proof). 

Let us now consider A\. 

A\ = {( J t u?dv gt )i([ J t ( V u t fdx)^-(Supf.[ (rjutfdx)^ 

JB(Oi) JB(Oi) JB(0,5) 

We write ft = f{xo) + Qt- Remembering that /(a;o) = Supf, we have gt(xo) = 
and g t < 0. Using (1 + x) a < 1 + ax for < a < 1: 



r dx)^ < ( f f{x )(iju t fdx)^ + 

JB(Oi) 
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where g t is g t in the exponential chart in xt ■ We now use the theorem of Druct 
and Robert to write in B(0, 8): 

u t > (1 - £s)B t , 

where B t is B t in the exponential chart in x t . Because g t < 0, we have: 

/ 9t(vut) 2 "dx < (1 - eg) / g t (i]B t ) r dx. 
Jb(o,5) Jb(o,s) 

Combining this with the expansion above and the fact that J B , Q „ f t u 2 dv gt < 
1, we obtain: 



,i ... .n-2 J B (o,s)9t(vBt) r dx 
A t — v 1 — £ s)- 



n (/ B( o l4 )/(»o)(w) 2 ^)» 
We now expand (/t noting that <9i<? t = <9j/ t and dig t — d{f t . 

9t(x) < gt{x t ) +x I diJ t (x t ) + ^d kl J t (x t ).x k x l + c\x\ 3 



L 



Thus 

9t(v B t) 2 *dx< gt(x t ) {r)B t ) 2 "dx 

B(0,6) JB(Oi) 

+dj t (x t ) f x l (rjB t fdx 
Jb(o,s) 

+\d k {f t {x t ) f x k x l (r,B t ) 2 'dx 

Z JB(0,5) 

+C [ \x\ 3 (rjB t f dx 

JB(0,6) 

Now, first gt(xt) < 0, and second, and this is the main point for which we need 
the theorem of Druet and Robert (see the reason at the beginning of the next 
section), as B t is radial, we have 



dif t (x t ) f x i (r,B t fdx = 0. 

JB(O.S) 



'B (0,6) 

Therefore, introducing all this in the last inequality for A\, we have 

lB(0,8) U t"- U &t 



li m T =21 ^ 

t -* 1 JB(0.S) U t dv S 



n-2. — 2 d kift( x t) J B(0S) x k x l (r ] B t ) 2 dv gt +C J B(oS) \x\ ( V B t ) 2 dv St 
l-£jlim i — '- — ^ — '- 

U M Ib(0,8) U t dv S t 

where we have replaced dx by dv St using the remark made at the beginning of 
the study of A 2 . 
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Now, as for A%, we write: 

S B (p,s) u t dv s< 4 ( n - x ) 

= if jfc ^ / 

and therefore 

1 n - 2 — \dki7 t {xt) J B(0 s) x k x l (f]B t ) r dv St 

lim - 



1 (n-2)(n-4) v l 

(n-2)(n-4) A g /(x ) 
8(n - 1) /(so) 
as A s f(x ) = —J2i ^h/i(0) m the exponential chart in x - Also 

Ib(o,S) l x l u t *gf 



5- < C.e 5 



Jb(0,S) U t dv St 

Thus, we have proved that dividing inequality (18) by J B ^ Q ^ ufdv St and letting 
t go to 1, we get 



n- 2 
4(n- 1) 

Letting <5 tend to 0: 

n-2 
4(n- 1) 

which contradict our hypothesis: 

n-2 
4(n- 1) 



h( x o) < — — rr^g^o) 



M^o) > — — — s s( x o) 



(n - 2)(n - 


4) A g /(x ) 


8(n- 1) 


f(xo) 


(n - 2)(n - 


■4) A s f(x ) 


8(n- 1) 


f(xo) 


(n - 2)(n - 


- 4) A g /(x ) 


8(n- 1) 





when x is a point of maximum of /. This prove that u ^ 0, and therefore 
u t — > w > 0, a minimizing solution for (Ehj lS ), and thus the weakly critical 
function h is in fact critical. 

4.4 Alternate proof, proof of the fundamental estimate 

As we saw in the last part of the proof, the difficulty introduced by the presence 
of the function / is to control the first derivatives of /, dif(x t ), as blow-up gives 

/ dif{x t )x l uf dv gt = ^ dif{x t )x l ufdvg t 

JB(0,S) >/s(0,5^~ 1 ) 

to be divided by 

A I , *** . 

JBiO.8^ 1 ) 
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and it would be necessary to control ^ , which seems to be difficult. But 
thanks to the theorem of Druct and Robert, we can replace u(t) by B(t) near 
xt, and after blow-up 

IH [ dJ(x t )x l Bfdv it =0 

as B t is radial. Of course, the proof is then short, but the proof of the 
theorem of Druet and Robert is quite involved, even though the strong estimates 
(proposition 8) is the first step. 

The other way to get over the problem of the first derivatives of / is to 
expand / in xq as then dif(xo) = because x$ is a point of maximum of /. But 
then, one has to transpose the weak and strong estimates from xt to xq, which, 
as we said in the section about concentration phenomcnom, requires to prove 
the following estimate: 

dg(x t ,X a ) < c 

As we said, this estimate is important and of independent interest, as it gives 
a complete description of the sequence (u t ). This is why we give this alternate 
proof of theorem 1, even though it requires an additional hypothesis. This proof, 
which gives at the same time the proof of theorem 1 and of the estimate, is, we 
think, interesting, and is available directly after proposition 9, i.e it does not 
require the theorem of Druet and Robert. 

We now make the hypothesis that the hessian of / is nondcgcncratc at its 
points of maximum. We also suppose now that dimM > 5, even though our 
proof gives theorem 1 in dimension 4. 

Let us note x (t) = exp~*(xo) = (#o(i), ...,XQ(t)), which is possible as soon 
as t is close enough to 1 for a fixed radius 8. Then Xo(t) — > when Ml. The 
point x (t) is a locally strict maximum of f t . We will let 8 go to at the end of 
the reasoning, after having taken the limit when t — > 1. 

The expansion of f t in x (t) gives: 

J t (x) < f (xv)+^du7 t (xv{t))Xx k -x k Q {t)){x l -x l Q {t))+c \x - zoWl 3 := f(x )+T t 

(T t like Taylor) where (dkif t (xa)) is a negative definite matrix (we shall write 
< 0). c, C will always be constants independent of t and 8. Remember that 

A\ = {f J t u 2 t 'dv st )i(f ftirjut) 2 ' dx)^ -(Supf. f (mfdx)^ . 

JB(Oi) JB(Oi) JB(0,5) 

Introducing the expansion of f t in Xo{t), and using again the fact that (l+a;) Q < 
1 + ax for < a < 1, we get: 

( / J t (r,u t fdx)^ < ( / f {xo ) iv u t fdx)^+- " — — {F t } 

Jb(o,s) Jb{o.s) Ub(o,s) f( x o)(vut) 2 dx)n 

where 

{Ft} = ld k if t (x (t)) f (x k -x k (t))(x l -x l (t))(r)u t fdx+C f \x - x (t)\ 3 (rfu t f dx 

1 JB(0,8) JB(0,S) 
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from where, remembering that Supf = ,f(x ) and that J B ^ Q ^ f t uf dv St < 1: 



M 



ai < n - 2 A Ft} (19) 

Therefore, we obtain: 

Ai 

lim 7 hr, — < 

w in(o,{) u t dv st 

where we write d k if t (xo) I0r d k if t (xo(t)). Considering the expansion 

7 t (*) < /(*o) + ^7 t Mt)).(x fc - 4 (*))(** - *{.(*)) + c k - ^oWI 3 , 

note that by the regularity of exp" 1 o exp XQ with respect to all the variables, we 
can suppose that c is independent of t. Moreover: 

c \x - x (t)\ 3 <c'\x- x (t)\J2(x h - 4(t)) 2 

k 

<2Sc>J2(x k -4(t)) 2 
k 

where we remind that 5 is the radius of the ball of integration. We can then 
write: 

7 t (x) < /(a*) + {\dulMt)) + SC kl )(x k - x k (t))(x l - x l (t)) 

where C k i — cS k i = c if k = I and C k i = if k ^ I (5 k i is the Kronecker symbol) 
is independent of t. 

We introduce one more notation: 

D k i(t,S) = \d k if t {x {t))+5C kl . 



Then: 

1/: \\m\imD k i(t,5) = \d k {] ^x^l)) where J 1 = / o exp^ 1 and 

o—>Ot— >1 

x Q (l) = = exp-^aio). 

2/: for any 6 small enough and for all t close to 1, D k i(t, S) is still negative 
definite. 

D k i{t, S) is the hessian of / in Xo(t) perturbated on its diagonal by the third 
order terms. It is for the second point that we need the hypothesis that the 
hessian of / is non degenerate. Thus 



\d kl f t (x ) [ (x k -x k (t))(x l -x l (t))( V u t fdv St +c[ \x-x (t)f( V u t fdv gt < 

D kl (t,5) f (x k - x k (t))(x l - x l (t))( V u t f dv gt . 
Jb(o,s) 
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Let 



We have 



{Fl} = D kl (t,5) f (x k - x k (t))(x l - x l (t))(r,u t f dv s 
Jb(o,s) 



— Ai n-2 — D ki(t,S)J B(05) (x k -x^(t))(x l -x l (t))(r]u t ) 2 'dv g 

lmi 7 o j — < lim L - LJ - r =5- U+es) 

t ^ 1 i B {o,5) v t dv s t n t-fi I B (o,S) u t dv s t 

In the expansion of Dki(t, 5)(x k — x^(t))(x l — x l (t)), we are interested by the 
first term, i.e D k [(t, S)x k x l (look back how we obtained S g (xo) in A 2 ), and we are 
going to show that the other terms can be neglected. The idea is to reorganize 
the expansion of {-F/} and to use the fact D k i(t, S) is a negative bilinear form: 



D kl (t,6) f x k x l (r ] u t ) 2 'dv St +D kl (t,5)x k (t)x l (t) f (r]u t f dv s 

Jb(0,S) JB(Oi) 

-D kl (t,5) f (x k x l (t)+x l x k (t))(r,u t fdv St . 
Jb(oj) 

We rewrite the two last terms (suppressing some S et t and all integral being 
taken with respect to dv St ) : 



D u .x^x l (vu t ) 2 " dv St - D kl (x k x l + x l x k ) )(i 1 u t ) r dv St = 

JB(Oi) JB(0,5) 

Dki\4 x o (Wt) 2 '-x l x k {rfa t ) 2 ' -x k x l {rju t ) T 

1 JB(0,S) JB(0,S) JB(0,S) 

D kl \x k (f (mf^-xUf (vutf)i 
-4( / (rju t ) 2 ) ' ( > — — T -x k { / ( V u t ) 2 ) > ( '> _ 

JB{0,5) (Js(0,5)W U *) ) 2 Jb <P>*) UBtOijW 1 ") ) 2 

Thus, setting (sorry): 

e k (t) = / x k (r)u t ) 2 'dv St 
Jb(o,s) 

zt = { (vut) r dv St )^ 
Jb(oj) 

the expression above becomes: 



D kl .x k x l {rju t ) T dv St - D kl (x k x l + x l x k )(T]u t ) r 

JB(0,S) Jb(o,5) 



= D kl 



B(0,6) JB(0,S) 

eHt) kM e l {t) 



dv St 



x k {t).z t .x l {t).z t - x l Q {t).z t .—^- - x k {t).z t . 



Zt z t 
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= V kt (x {t).z t ){x {t).z t j g 

L Zt Zt Z t 

By this method of reorganization of the hessian, we have obtained: 

\d kl J t {x ) f (x k -x k (t))(x l -x l Q (t))( V u t fdv St +cf \x-x (t)\ 3 ( V u t fdv gt < 

1 JB(0,5) Jb(0,S) 

D kl (t, 8) f x k x l ( V u t f dv St +D kl (t, S) (x k (t).z t -^-)(x l (t).z t - £ -^-)-D kl (t, S) ^ 

JB(0,S) z t z t Z 

< D kl (t,S) f x k x l ( V ut) 2 'dv St - D kl (t,s f k{t)£ 2 l{t) 

JB(Oi) z t 

because, and that is the fundamental point : 

D kl (t,S)u k GJ l < Vw = (w 1 ,..,w n ) 
which allows to suppress from the inequality 

D kl (t,5)(x k (t).z t - £ -^±)(x l (t).z t - ^) 
Zt z t 

It is this term that will give us the estimate d ^( x ^ x o) < q ( see below). 
We have therefore obtained: 

_ A\ n -2 — Dki(t,6)J B(0S x k x l (r 1 utfdv gt -D kl (t,5)^^ 
lim-7 hr, ^ lim r =71 

Now, as for Af, we write: 

— Sb(o,s) x k x l (r 1 u t ) r dv st n _ 4 

hm — 5_J = f(x ) ™ K(n,2y— — if fc = I 

Jb(o,5) "^s* 4 ( n - !) 

= if jfc ^ / 

and therefore 

1 n-2, — D ki(t,S)J B(0S) x k x l (rju t ) r dv gt 

— hm — 



K(n,2yf(x )^ n t-i S B(0tS) ^dv gt 

-^ ( - 2)(n - 4) E(^/ 1 (o) + ^) 



f(x ) 4(n - 1) 

(n-2)(n-4) A g /(ar ) 



+ e«5 



8(n - 1) /(x ) 

as A s f(xo) — —J2i <5«/i(0) m t ne exponential chart in x . 
At last, let us show that the residual term can be neglected. 



c 



\t)e\t)\ < l -{ £ k (tf+e\tf) 
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But 

e k (t) 2 = ( 

lB(0,5) 



e\tf = ( f x k ( V u t fdv St f 
Jb(o,s) 



= ( / x k {riu t f"dv St + / x k {r)U t ) 2 'dv St ) 2 

JB(0,R/j, t ) J B(Q,S)\B(Q,Rih) 

< 2( / x fc (^) 2 *^ gt ) 2 +2( / ^(r^) 2 *^) 2 

JB(0,Rn t ) J B(0,5)\B(0,Rnt) 

The blow-up formula's give, for a fixed i? : 



lB(o,s) u t^ v st Ib(o,r) U t^ v st- t ^ fl Ib(o,r) u2< ^ x 

because u is radial. 

At last, using the weak estimates: d g (x, x t )~ ! ~Ut{x) < e if d g (x, Xt) > R/J,t, 
and using the Holder's inequality: 



_2- 

U 

B{0,S)\B{0,Rm) J B(0,6)\B(0,Rn t ) 



(I x k ( V u t fdv St ) 2 <4(/ ^- 2 ^g t ) 2 



<4(/ u 2 t dv St )([ 

J B(0,6)\B(0,Rnt) JE 



B(0,S)\B(0,Rm) 



therefore 



< 4( / u t n 2 dv St ) < ce 2 

JB(0, 



(■ -JTj — ^R\ I a t uu StJ — ^R 

JB(0,S) U t dv St J B(0,8)\B(0,Rn t ) 

where er — > when R — > oo. Remarking that because xo is a concentration 
point: 



z 2 



i - / (Wt) r dv st > / u 2 *cfo g >c>0 

JB(0,5) JB(x a ,S/i) 



we have obtained 

\e k (t)e l (t)\ 



-> 



Z t 2 Jb(0,5) *^ 

We have therefore obtained once again that 



4(n — 1) • 



Letting (5 tend to 0: 



h{X0) ~ 4(n-V g(X0) 



which contradict our hypothesis: 

n — 2 



(n- 


-2)(n- 


4) A g /(z ) 




i(n-l) 


/(*o) 


(n 


-2)(n- 


- 4) A g /(x ) 




8(n-l) 


/(*o) 


(n 


-2)(n- 


4) A g /0ro) 



4(n-l) 8V uy 8(n-l) f(x ) 
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when xq is a point of maximum of /. This prove that ut — > u > 0, a minimizing 
solution for (Ehj, s ), and therefore the weakly critical function h is in fact 
critical. 

We now prove the estimate 



< C 



Going back to the computations above, we have obtained: 
h(x ) < 



n-2 (n-2)(n-4) A g /(x ) 

bg( x o) — — — s V £8 



4(n- 1) 



(n - 1) f(x ) 



(20) 



+lim- 

t-s-i n 



2^(M)(x fc (^ " £ ^)(4(*)-^ ~ ^) 



s(o,5) u t dv gt 



where Dki(t, 5) is negative definite for t close to 1 and for all 5 small enough, and 
where we remind that x n (t) = exp~*(xo) = {xo(t), Xq (t)). So, there exists a 
A > such that E R" : 

D H (t,5)uj k uj l < \" k \ 2 



and so 



(xk(t).z t - e ^)(xUt).z t - £ -^) 



(Jb(0,6) U t dv gt)Hl B (0.S) u t dv ^ 



B(0,<5) 



B(0,<5) 



Moreover, we already proved that: 



e k (t) 2 



z t I B (o,5) u t dv s t ^ 



as we also have z t — (/g(o <5) dv gt)^ ■• an d therefore as xo is a concentration 
point: 

< c < liminf z t < limsup z t < c' < +oo. 

Therefore, necessarilly, because of (20), for all k, there exists a constant C > 
such that for t — > 1 : 

4(t) 



(Jb(0,5) W ? du g t ) = 



Now 



■ t av gt = fi t 

B(0,5) JBfOift 1 ) 



r 



u 2 t dug t . 



But the strong estimates give that 



lim 



u 2 dvg t < +oo 
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therefore 



from where we have 



and so 



/ u 2 t dv St ~ Ctf 
Jb(o,s) 

V fc : ^1 < C ' 
: < C 



d s {x t ,x ) 



If we have furthermore that at the points of maximum of / : 

h(P] n - 2 o (P ) (n-2){n-A) A e f(P) 
h[n ~ 4(n-lf s[n 8(n-l) /(P) 

then we have more precisely that 



d s {x t ,x ) 



-> 



Remark: Note that when concentration occurs we have: 



^ wJLlc/ ^ (n-2)(n-4) A g /(x ) 
^ (Xo) ^ 4(^1) ^ (Xo) - 8(n-l) 7(^T 



5 Critical triple 1: existence of critical functions 

The idea to prove the existence of critical functions (theorem 2), is to find, 
being given the manifold (M, g) and the function /, a subcritical function ho 
and a weakly critical function hi and then to join these two functions by a 
continuous path; theorem 1 then shows that this path must "cross" the set of 
critical functions. 

Note first that, by the sharp Sobolev inequality (2), B (g)K(n 7 2)~ 2 is a 
weakly critical function for any manifold (M, g) and any function /. Also, it is 
known that 

2 

4(n-T) M 

Therefore, for any a > 0, and for any point P where / is maximum on M, we 
have 



B (g)K(n,2y 2 > — ^ SupS s 



Now, we are going to modify the weakly critical function B (g)K(n, 2)~ 2 + a 
by the test functions presented in the introduction. They can be seen under the 
following form: for any x e M and any 8 > small enough, there exists a 
sequence of functions (ipk) with compact support in B(x,5) such that for any 
function h: 

T ( , x Sm\^\ 2 dv e + J M h.rl; k 2 dv s 1 
4,i,g(wJ = — , -> 



fe^oo K(n,2) 2 
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and 

/ ^r^s = 1 

Jm 

this last condition being obtained by multiplying the functions in the 
introduction by suitable constants. We will use the functional J here, as 



/ 

J A 



M 

Let then ipk be one of these functions, where k and B(x,S) will be fixed later. 
We consider, for t > the sequence 

ht = B (g)K(n, 2)- 2 + a - t.^f~ 2 . 

First, we seek a condition for A g + h t to be coercive. Noting BqK~ 2 = 
Bo(g)K(n, 2)~ 2 , and taking all integrals for the measure dv s , we have for u G H\ 



u 2 



f (\Vu\l + h t u 2 ) =[ (\\7u\t + B Q K- 2 .u 2 )-(t-a) f ^ U . 
Jm " Jm Jm 

>K(n,2)- 2 ([ u^-(i-a)/ i>f~ 2 .u 2 
JM jm 

by Sobolev inequality. But using Holder's inequality: 

JM JM JM JM 

2n 

as J M ip£~ 2 =1- Thus, using Holder's inequality again to get the existence of a 
constant C > such that 

C [ u 2 <([ u^)^ 
jm Jm 

we have as soon as K(n, 2)~ 2 — (t — a) > 

/ (\Vu\ 2 s + h t u 2 ) >(K(n,2)- 2 -(t-a))( f u^)^ 
Jm Jm 

> (K(n,2)- 2 - {t-a))C f u 2 . 

JM 

So A g + ht is coercive as soon as t — a < K(n, 2)~ 2 ; we then fix t\ such that 
a < tx < K(n,2y 2 + a. 

We now want to fix tpk so that h tl is subcritical for /. We pick first x close 
enough to a point x of maximum of / and S small enough such that / > on 
B(x, 5), to obtain : 



< 



Jm IV^I 2 + Jm B K- 2 4k 2 (h a) J M ^ 

(Jm/I^I^)^ 
Jgog z yC^fc) _ h - a 

B(x,S) B(x,S) 



< JB K-*,i{i>k) h-a 



(Inff)^ {Supf) 1 

B(x,S) M 
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For any e > 0, by continuity of /, we can choose x close enough to a point of 
maximum x and S small enough such that B(x,S) Pi {x/f(x) = Max/} = 
and 

1 1 

(In/ /fP " (5 U p/)^ +£ 

B(x,<5) M 

x and 5 being fixed, we can now choose k large enough to have 

J Bo K-\i($k) <K{n,2)- 2 +e . 
Thcrforc, choosing e small enough, we see that because — tl- "-a > : 

(Supf) — 



Jh tl ,f, e (i>k) < 



K(n,2)-*(Su P f)- 

M 



and therefore h tl is subcritical for /. We now set: 

to = Inf{t < tl /X ht < ——-1—-^ } . 

M 

Then t > 0, and 

A/j. = —j- and A^. < — =- if t > t . 

t0 K{n,2f{Supf)^ K{n,2Y{Supf)^ 

M M 

Furthermore Vt, to < t < t\, 



liTL-il/^P) > S S (P) n 2 4A f { ^ } for P e {,■//,,) = Murf) 



because B(x,S) n {x/f(x) = Max/} = 0. At last, h t -> h to in C°' Q , and 

A g + /it is coercive. Therefore by theorem 1, h to is critical and (Ehj, s ) has 
minimizing solutions. 

Now, we prove that if {x/f(x) = Maxf} is thin and if J M / > 0, there exist 
positive critical functions. We start again with h = Bo(g)K(n,2)~ 2 + a, with 
a > 0. For all P where / is maximum on M : 

as 

B (g)K(n,2)- 2 > ( "~ 2 ] MaxS g . 

4(n — 1) 

As / is not constant, there exist r] with support in M\ {x/f(x) = Maxf} and 
such that < r\ < 1. Let 



/(fog 

M 
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That's where we need J M fdv g > 0. We have J fc 2 'dv & = 1. For t G K + we set 

h t = B K~ 2 +a-tt] . 
Then h t = B K~ 2 + a on {x/f(x) = Maxf}, and 

_ 2 

4 t (c)= / (B K- 2 +a)c 2 dv s -c 2 t [ v dv s =( [ fdv s ) ' ((B K- 2 +a)Vol s (M)-t f r]dv g ) 

JM JM \JM ) JM 

So, if t is large enough, 

h t (c) < — ■ 

K(n,2) 2 (Supf)^ 

M 

We also want h t to be positive on M. By the definition of h t and because 
Suprj = 1, it is the case if 

M 

t<B (g)K(n,2)- 2 + a. (21) 

But we also want that 

1 



ht{C)< K(n,2) 2 (Supf)^ 

M 

which requires 

1 (try , U M f dv *Y 



t > - r — ((B K- 2 + aWoUM) - 



K(n,2) 2 (Supfy 

M 



(22) 



We can find such a t if : 



- r ^— ( (B K- 2 + a)Vol s (M) Um/ s) < B K- 2 + a 

M 



which can be writcn 



/ V dv s > Vol s (M) - /' 2 2 ( ^^ g) I^ . (23) 
JM (BnK ■ 2 + a)(bupf) » 



(B K- 2 + a){Supf)- 



M 



Remember that we want r] to have support in M\ {x/ f(x) — Max/} with < 
7] < 1. But we made the hypothesis that {xj f(x) = Maxf}, the set of maximum 
points of /, is a thin set. We can therefore find such a function r\ with J M -qdv s 
as close as we want to Vol s (M). As 

n-2 

(I M f dv s) " >Q 



B (g)(supfy 

M 



we can find rj satisfying (23) and a real t, denoted t\, satisfying (21) and (22). 
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On the set {x/f(x) = Maxf}, h t = BqK~ 2 +a, so VP £ {x/f(x) = Maxf}: 

j(M up h - (p) n - 4 Min 

——^-htiP) > S S (P) - — j^y. 

We then set: 

t = Inf\t <t 1 / X h . < —3-} . 

K(n, 2Y{Supf)^ 

M 

Necessarilly, to <t%. We remind that (see section 1): 

Aft,/, g = Xh = inf h{w) 

Therefore 

Xh. = and Xh. < — r if t > tn. 

K{n,2f{Supf)^ Kin^fiSupf)^ 1 

M M 

Furthermore Vt, to < t < t%, h t > on M and 



^-jl ht0 (P) > s s (P) n 2 AA f { ^ ] f»r r - {.'■//(••'•) = 



At last h t — > ht in C°, and as h t() > 0, A g + h t() is coercive. Therefore by 

t— >*0 

theorem 1, ht is critical and (Ehj, g ) has minimizing solutions. 

Remark: The proceeding proofs also show, by replacing BoK~ 2 by h, that if 
(h, /, g) is weakly critical, and if 



then there exists h' ^ h such that(/i', /, g) is critical. 
If we only have 



then for any £ > there exists h! < h + e such that (h' , /, 3) is critical. 

Weaker hypothesis are sufficient to prove the existence of positive critical 
functions: for example, it suffices that the boundary of the set Maxf is a set of 
null measure; see [TU] for full details. 

6 Critical triple 2 

We want to prove here theorem 3. This theorem lies on the transformation 
formula for a critical function in a conformal change of metric (seen at the end 
of the introduction): 

(h', /,g' = M"- 2 g) is critical if and only if (h = h'u n - 2 — ^J^,/,g) is critical. 
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We set, for u 6 C^{M) = {u E C°°(M) / u > 0} : 



F h ,(u) = tiu*=* 

a 

Then: 

{hi, /,g') is critical if and only if (Fh'(u),f,g) is critical. 

To prove the theorem, we therefore have to prove the existence of a function h 
such that: 

1/: A g u + h.u — h'u™- 2 has a solution u > 0, and 
2/: (h,f,g) is critical. 

4 

Indeed, in this case /i = Fh'{u) and /r is critical for / and g' = u n ~ 2 g. 

E. Humbert et M. Vaugon proved this theorem in the case / = cste and for 
a manifold not conformaly diffcomorphic to the sphere |24j . Their method lies 
on the fact that for such a manifold , after a first conformal change of metric, 
Bo(g)K(n, 2) -2 is a critical function, (we will denote these two constants K et 
Bo). In fact, a careful study of their proof shows that what is needed is in fact 
that BqK~ 2 is positive. But we proved in the previous section the existence of 
positive critical functions under a geometric hypothesis concerning /. Remark 
that our proof will work on the sphere, but only for a non-constant function /. 

The principle of the proof of E. Humbert and M. Vaugon is the following. 
We know that there exists a sequence (ht) of sub-critical functions for / and g 
C 2 

such that ht — > h where (h, /, g) is critical and such that for any point P where 
/ is maximum on M 

'h(P) > S S (P) 



n-2 h ^> >b ^ F > 2 f(P) • 



For a sequence q t — > 2*, q t < 2* we build a sequence u t > of solutions of 

H 2 

such that Ut — u ^ 0. Here again, if u > 0, then u is solution (up to a 

71 + 2 

multiplicative constant) of A g w + h.u = h'u n ~ 2 and we are done. 

Now, if u = 0, one shows that the Ut concentrate and that using this 
phenomenom, one can find a to close to 1 ( if e.g. t — > 1) and a real s large, such 
that Fji' (ut ) is sub-critical and Fh' {ut ) is weaklly critical, with furthermore 



at any point P where / is maximum. Then, considering the path t Fh'(ul^) 
and using theorem 1, we get the existence of a critical function on this path. 
It is to obtain the conditions on Fh' (u^ ) at the maximum points of / that we 
need the existence of positive critical functions. 

We will now give the scheme of the proof, refering for complete details to the 
article of E. Humbert and M. Vaugon or to our PHD thesis available online, and 
we will only indicate the modifications due to our function / and the necessity 
of positive critical functions. 
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First, we said that we will need positive critical functions. Their existence 
was proved under the hypothesis that Maxf is thin and that J M fdv s > 0. But 
Supf > 0, so, after making if necessary a first conformal change of metric, we 

M 

can suppose that J M fdv s > 0, and we supposed in the hypothesis of theorem 3 
that Maxf is thin, and therefore we can suppose that we have positive critical 
function for / and g. 

Then, we fix some (more) notations: 



Jh,h',g,q( W ) = 



Jm l Vw ! 2 dv e + Jm h.w 2 dv g 
{$ M h>\ W \ q dv % y 



where 



and 



inf Jh,h'. s , q {w) := Xh,h'. s , q 
went, 

h' , q 

U h' o = i w e H i( M ) I w > and [ h'.w q dv s >0}. 

Jm 



^h.h', s .q = {u £ H%, J Jh.h'. s , q (u) = Xh,h',g,q and / h'.w q dv s = {X h , h '. s , q ) q ~ 2 } 

Jm 



Let (ht) be a sequence of sub-critical functions for / and g such that h t — >• h 
where (ft, /, g) is critical, with A g + h t coercive. We know that we can find such 
a sequence with h t > et ft > 0, and also 



4(71 -1 W ^ s(D n - 4 ^liEl 

— -^-ft t (P) > Sg (P) — j^y 



for all P £ Maxf. But here, we can say more, and that is where the existence of 
positive critical functions is crucial. Indeed, for any constant c > 0, if g' = eg, 
then S g ' = c~ 1 Sg and A g / = c _1 A g and by the transformation formula for 
critical functions: 

h is (sub-, weakly) critical for f and g if and onlu if c~ x h is (sub-, weakly) 

critical for f and g'. 

Therefore, up to multiplying g by a constant, we can, for any constant C > 0, 
suppose : 

ht > C onM 
fcil M P)_ Sg( P ) + !i_l^P > c VP e Maxf 

and (ft, /, g) has minimizing solutions. 

We can now follow the method exposed above; we only give the scheme of 
the proof. 

First step: Thanks to the compacity of the inclusion H\ C L q , it is known 
that \/q < 2* and Vu s Qh,h',g,q, u is solution of A g u + h.u = h!u q ~ x . Using this 
fact, in the first step, one proves the following: 
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There exist sequences ((ft), (t,), such that 

2 < Qi < 2* 

U -> 1 

ft tj -> ft 

and a sequence £ ^h t .,h',s,qi sucn that (-F/^Vj), /, g) is sub-critical. 
We note 

J% = Jh t .,h',g : qi 

and 
Then 

■/i(^i) = A, and / h'vfdv s — A/ 4 2 

and Wi is a positive solution of 

AgWi + /i ti .u, = h!vf~ x . 

The sequence (vi) is bounded in iJj and thus there exists v 6 H\ such that 

if 2 l 2 , l 2 *- 2 
Ui —7 v, Vi ^ v et Vi — > v. 

Once again, we have two possibilities: v = or v > 0. 
Second step: 

c 2 

If v > 0, as we said above, the proof is over: up to a subsequence, Vi — >• u 
and so on one hand Fh>{vi) — > and on the other hand 

i^'te) = ft*, + ft'^r 3 - «f ~ 2 ) -> ft . 

that is, (v) = h which is critical for / and g with minimizing solutions. Thus 

4 

h! is critical for / and g' = v~^?g, with minimizing solutions. 

The rest of the proof is therefore concerned with the case v = 0. 
Third step: One proves that there is a concentration phenomenom: 
a/: One first shows that: 

< c < Iim"A 4 K~ 2 (SupM h'Y^ . 
b/: Second, one shows that: 

< \%(Sup M ft') -1 <Bm / vfdv s Jf^AT 1 < K- n {Sup M h')-^ 

where A > is such that, after extraction, Aj — > A. 
c/ : We say that x G M is a concentration point if 



Vr > : lim / vfdv s > 0. 



I B(x,r) 

Using a/ and b/, and method analogous to section 4.2, one gets the following: 
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First, as M is compact, there exists at least one concentration point x G M. 
Then, using the iteration process, one shows that 



lim f vfdv s > K- n (Su PM h')-Z . 

JB(x,r) 



?(x,r) 

d/: Therefore using the method of section 4.2, we get: 

1/: lim" J B(x r) vfdv % = K- n (Su PM h')~^ , Vr > 

2/: a; is the only concentration point, denoted Xo 

3/: \ = K- 2 (Sup M h')- s ^ 1 

4/: xo is a point of maximum of h! 

5/: Vi -> in Cft c (M - {x }) 

Fourth step: 

We know now that the sequence (v^ concentrates in xq and that for any i 
F' h ,{vi) is sub-critical for / and g. We would like to find a v io , a function v > 
and a continuous path from Vi to v such that i<V (v) is weakly critical for / and 
g and such that 

for all P G Maxf . Then, the theorem 1 will tell us that on the path ut from 
v io to v there exists a u t such that Fh>(u t ) is critical for / and g . 

That is where we are going to use the existence of positive critical functions. 

Let s ^ 1 and let v be a positive function. Then 

A s (v s ) = sv 3 - 1 A s v- s(s - l)v s - 2 \Vv\ 2 s . 
Thus 2 
F h ,(v!) = h'v'^* + sh u - sh'vf- 2 + s(s - 

V i 

and therefore 

F h ,{vl)^sh ti +h'{v^ -svf- 2 ) . 

Now: 

On {x G M I h'(x) sC 0} : 

Vi — > uniformly because x G Maxh! and h'(x ) > as we have supposed 
that A g + h' is coercive. Furthermore if s ^ 1 then s-^^ > ^ — 2. Thus, for i 
large enough 

fV«) ^ sh u on {x € M / h'(x) ^ 0} 
On {a; G M / h'(x) > 0} : 

We consider the function of a real variable defined for x > by 

/^(z) = - sx q *- 2 = x Qi - 2 (x s ^- gi+2 - s). 

An easy study of this function shows that 

for x > : /8i, s (a;) ^ -s. 

But 
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therefore 

Fh'iyt) > sh u - sti on {x G M /h'(x) > 0}. 
We can therefore write : 

F h ,{v\) ^ s{h u - Supti) on {x G M / h'(x) > 0}. 

M 

We now use our work from the beginning of the proof, that is that, for any 
C > 0, we can suppose that: 

h t > C onM 

and 

fci>MP> - S,(P> + ^^m > C.VPe Max! . 
Then, first, if we suppose that ft > Suph' on M, we see that for i and s large 

M 

enough : 

Fh>{v?) ^ B a (g)K(n,2)- 2 (24) 

and therefore Fh>(vf) is weakly critical for / and g . Beside, for all t G [1, s] we 
also have 

F h ,(v\) ^ t(h ti - Suph') ^ h ti - Suph' > 

M M 

so A g + Fh'{v\) is coercive. 

Secondly, if we also suppose that 

we have for all t e [1 , s] : 

*£z^F h ,(t,j)(P) > S S (P) n ~ 4 VP G Maxf (25) 

as soon as i is large enough. 

We therefore fix i and s large enough to have (24) et (25) and we consider 

s = inf{t > 1 / Fh'(v\) is weakly critical} 

We then apply theorem 1 to the path t G [l,s ] i-> Fh'{v\) to obtain that 
Fh'{Vi°) is critical for / and g, with minimizing solutions. Therefore ft-' is critical 

4 

for / and g' = (w*°)"^g with minimizing solutions. 
This ends the proof. 



7 Critical triple 3 

Let (M, g) be a compact ricmannian manifold of dimension n ^ 3. Let ft be a 
fixed C°° function such that A g + ft is coercive. The problem we want to study 
is the following: can we find a function f such that (ft, /, g) is a critical triple ? 

We first make a remark. If ft ^ B n (g)K(n, 2)~ 2 , then ft is weakly critical 
for any function /, and there cannot exist a function / such that (ft, /, g) is 
subcritical. But more important is the next observation: 
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If there exist a non constant function f such that (h, f, g) is critical with a 
minimizing solution u, then (h, l,g) is sub-critical. 

Indeed, as we saw in section 1, we can suppose that Sup f = 1. Then, as 
u > 

J h , l{ u) < J hJ (u) = K ^ 2)2 \ Supf) ^ = 

and therefore h is subcritical for 1. 

We want to prove that, at least if dimM > 5, this necessary condition is 
sufficient, i.e we want to prove theorem 4. We thus suppose now that (h, l,g) 
is sub-critical. 

The proof will proceed in two steps: 

First step: we prove that there exist a function / € C°°(M) such that Supf = 

M 

1, with A g / being as large as we want in its maximum points, and such that 
(h, f, g) is weakly critical. 

Second step: being given this function /, we prove that there exists on the 
path 

t^f t = t.l + (1 - t)f 

a function for which h is critical. 
First step: 

We proceed by contradiction. We suppose that for any / e C°°{M) such 
that Supf > 0, (h, f, g) is sub-critical. Then, for all such function, there exit 

M 

positive solution u to the equation 

A g u + h.u = X.f.u n - 2 

where 

A= inf Ih s (w) and / f.u"^dv s = 1 . 
weH s ' J M 

The metric g being fixed, we will not write dv g in the integrals. 

The idea is to build a familly of functions f t whose laplacians tend to infinity 
at the maximum points. One of these function will then give a weakly critical 
triple (h,f t ,g). Furthermore, our proof holding for any subsequence of this 
familly. this function will have a laplacian as large as we want in its point 
of maximum. 

In M™, we build for t — > a familly (P t ) of C°° functions, similar to a 
regularizing sequence, such that 

P t < 1 
Pt{x) = P t (\x\) 
Pt(0) = 1 
llVPtH ~ ^ on B(0,t) 



|AP t (0)| 



£2 

t 2 

SuppPt = B(0,t). 



Let now xq be a point of M such that h(x ) > 0; this point exists because 

ft = Pt° exp" 1 



Ag + h is coercive. We define 
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We are therefore supposing that, for all t, (h, /t,g) is sub-critical and we are 
looking for a contradiction. For all t we have a solution u t > of 

(E t ) : A g u t + h.u t = X t .ffUt~ 2 
with J f t u 2 dv s = 1 and 

M 

Then, (u t ) is bounded in H 2 (M) when t — > 0. So (u t ) is bounded in L 2 and 

* 2* J 2 

(u 2 _1 ) is bounded in L 2 *- 1 . After extraction of a subsequence, if ft — > f and 

L 2 

u t — > m, then 

f t uf-^fu 2 *-\ 
But here, / t — >■ 0, therefore the equation (i? t ) "converge" to 

A g u + h.u = 

in the sense that u is solution of this equation. But A g + h is coercive, therefore 
u = 0, i.e. u t -> in L p for p < 2*. 

The sequence (ut) therefore concentrates in the sense we saw in subsection 
4.2. But in subsection 4.2, the function / on the right handside of the equation 
was constant and it was on the left handside that we had a sequence (/it). 
However the results we saw there remain true, only the blow-up necessary for 
the weak estimates requires a new treatment. We will go over these results, only 
detailing the new difficulties. 

a/: There exists, up to a subsequence of (ut), exactly one concentration point 
and it is the point Xq where the f t are maximum on M . Moreover 

V6 > 0, lim / f t uf = 1 . 

t ^ 1 JB(x ,S) 

The method of subsection 4.2 works here. More precisely, as Supp f t — 
B(xo,t), we have for all S > and as soon as t < 5: 

I ftuf = 1. 

JB(xo.S) 

We can also suppose that 

A t -> A = K- 2 (Supf t )-^ = K- 2 . 

M 

b/: ut^Otn Cf oc (M-{x }) 
Same proof as in subsection 4.2. 
c/: weak estimates 

We consider a sequence of points (x t ) such that 

n — 2 

m t = Maxu t = u t (x t ) := u t 2 . 

M 

From the previous point, x t — > xq and fit — > 0. Remember that u t , f t ,h t , gt 
are the functions and the metric seen in the chart exp^ 1 , and Ut , h t , ft, gt are 
the functions after blow-up of center xt and coefficient k t — fit ■ 
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Reviewing the proof of the weak estimates in section 4.2, we see that it will 
work here if we obtain : 



VR > : lim / ffU t dv s = 1 — er where er — > . 

t -+ JB(,xt,R t H) F/^+co 

This relation is itself proved using blow-up theory once it is proved that 
Uf !o ^i ' u where u is solution of : 

A e u = K~ 2 u~. 

This is where we have the main difficulty due to the presence of a familly (ft)- 
Indeed, after blow-up, the equation 

(E t ) : A s u t + h.u t = \ t .ft-Ut~ 2 

becomes 

(E t ) ■ Ag t w t -I- nl.hfUt = X t ft-ut~ 2 
and to obtain that this equation "converges" to 

we need to show that (ft) is simply convergent to 1 (which is obvious when we 
have a constant function / on the right handside of (Ehj, g )). As the sequence 
(ft) is uniformly bounded by 1 on R" (considering we have extended ft by 
on M. n \B(0, (5/ijr 1 )), we have, using e.g. theorem 8.25 of Gilbard-Trudinger [T5] 
and Ascoli's theorem, the existence of a function u G C°(W l ) such that, after 

extraction, Ut '"^ "* u, with 2(0) = 1. 



We are going to prove that ft -4' 1 on R™ in two steps (we will prove a little 
bit more): 

1/: There exists / G L 2 oc (W l ) such that j t a 4' / on R" 
2/: / = 1 a.e. on R" 

First step: 

We have ft(x) — f t (ntx) and |V/ t | < f. Therefore 



< c. — . 



We consider two cases: 

a/: If (^r-) is bounded: Then for any compact set K GC R™, (ft) is bounded in 
H" +1 (K) (where n = dimM). Thus, by compacity of the inclusion H" +1 (K) G 
C°> a (K) for some a > 0, up to a subsequence, there exists /k G C°' a (K) such 
that 

Jt /if 

By diagonal extraction, we constuct / G C°' Q (R") such that 

7 C0, T'> 7 
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for any compact set K' of R n , and moreover / G fff+^M"). So / t a -4' / on R" . 
b/: If ^ — > +00 : the support of / t is 

Supp/t = B , — ), 

where x (t) = exp^xo). 

If ( ) is bounded, there is after extraction a subsequence 

and therefore 

/ t 

If -»• 00, then 

/~ c H Kn) 

In both cases, ft on K™. 

In case a/, u is a weak solution of 

A e 2 = K- 2 fu^ 

with / > as f t > 0, and / € ff^jR") C C°' a (E"). 
In case b/, w is a weak solution of 

A e u = 0. 

In both cases, elliptic thory and standard regularity thorems gives the C 2 
regularity of u , and therefore A e u > 0. The maximum principle then shows 
that either u = or u > 0. But u(0) = 1 thus w > 0. 
Second step: 

We start using the iteration process : for some cut-off function r\ equal to 1 
near xo, we multiply (E t ) by rj 2 u t , integrate and use the Sobolev inequality to 
obtain, remembering that A t < K^ 2 (Supf t )^ :L ^~ and that Sup ft = 1: 

M 

([ (vutf)* <\K 2 I V 2 ftuT+cf u 2 . 

J M J M J Supp r\ 

We take 77 = 1 on B(x , §<5) and 77 = on M\B(x , 25). Then for t close to 

3 

Supp f t c B(x ,t) C B(x t ,6) C B(x , -S) 

So 

(/ u t 2 ')^ < f f t uf +c f u 2 

JB(x t ,S) JB(x t ,8) JM 

and after blow-up 

(/ «?*)*</ ftuf+cf u 2 = l + cf u 2 . 

Jb^Jh' 1 ) Jb^.s^ 1 ) Jm Jm 



■54 



But J M u\ —> therefore 



lim / u t < 1 . 



Beside, we know that f t / with / < 1 and u t (0) = 1. Let suppose that 
there exists a set A C K" with mes(A) > such that / < 1 on A and write 

R" = A U B with / = 1 a.e. on B. Then, as / t > and as u t °X u > : 
1 = / f t uf < lim / f t uf + lim / J t uf 

< lim / uf + lim ' r ' 2 



's^^/it-^n^ J B(o,6iJ,- 1 )r\B 

= lim / 5s? 



so 



1 < lim / wf 

which is a contradiction, and therefore / t °4' 1 on E™. 
Thus, as we said 

~ 9 ~ ~ ~ ~ " + 2 

O^t) : &g t u t + H t .h t .u t = \ t f t .Ut~ 2 

"converges" to 



in the sense that 
where u is a solution of A e u = K~ 2 u'^ . As u(0) = 1, 



Now, we can proceed exactly as in subsection 4.2.. We have: 

MR > : lim / f t uf dv s = 1 — sr where £r — > 

then 

3C > sucft, i/iai VieM: d g (a;, x t )^u t (a;) < C. 

and 

Ve > 0, Eli? > such that Vt, ViGM: d g (x,or t ) > i?^ t => dg(x,x t ) BL ^Ut(x) < e. 
d/: We have here again the L 2 -concentration: 
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If dim M > 4, 

V ^>0:lim^4^ = l 
J M u t dv s 

e/ : We also have the strong estimates: For < v < 

3C(u) > such that Vx e M : d s (x, x t ) n ~ 2 ~ v +v u t [x) < C, 

and therefore the strong L p -concentration: 

MR > , M8 > and Vp > ^_ where n = dimM: 

,. lB(x t ,Rn t ) U t dv S 

hm — ? =- = 1 — er where er — > 

We can now proceed with the central part of the proof of theorem 4: 
We consider the euclidcan Sobolev inequality and equation (E t ) viewed in 
the chart exp" 1 . Using the same computations as in subsection 4.3, we get: 

h t {rjut) 2 dx < f ftV^t dx 

B(o,S) K(n,2) 2 (Supf)— Jb(o,S) 

M 



( V u t fdx)* 

n -> 1 ) Jb(o.s) 



A-(n,2)2\/ B(0>4) 



+C.5- 2 [ u 2 dx B, - ( ) 

Jb 



i B(0,8)\B(0,S/2) 

with 

B t = hI B{ o, S) ( d k(sMs^ j +di j si i )(vu 2 t )dx 
* = /b(o,«) ^(St - ^diutdjUtdx 



At = K{n2)2 ' Supf) ^ f B{0 ,5) ftV 2 ufdx - T^Usio , s) (rm) 2 'dx)^ 

M 

We can write 

A t < —{A] + A 2 ) 

K(n,2) 2 (Supf t )^ K 

M 

where A\ = (J B{0 S} J t (rju t ) 2 " dx) 2 ^ 1 - (Supf t . J B(0 S) (r)u t ) r dx) 1 ^ . 
from the computation of subsection 4.3, 

K(n, 2)- 2 (Supft)- ^ A 2 + C.5- 2 j B{mXB{{) , 5/2) u 2 dx + B t + C t 



n-2 



lim ■ =5 - < — —S g (x a )+es 

t-o J B (o,6) u t dx 4(n-l) 

where eg — > when 5—^0. 
We now consider : 

A 1 

hm At 



*->%((>,«) u t dx 

We remark that from its definition, f t is decreasing when t — > in the sense 
that: 

if t < t' then ft < ft' • 
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We fix a t - Then, for any t <t 

/ 7t(vu t ) 2 *dx = / f t .(r] o exp-i) r .u? .(exp~^)*dx 

Jb(0,8) JB{x t .S) 

< I f to .(rjoexp-^) r .uf .(exp-*)*dx 

JB{x t .S) 

(/to o exp Xt )(rfu t ) 2 " dx . 



L 



We note: 
and 



B(0,<5) 

7t , t = fta °exp Xt 

/to,* = 7t ,t ° V>~-i • 



Then : 

A 1 < (J b(o,*)^ 't^tinutf dx)^ - (Supf t . J B{0S) (r]u t ) r dx) 2 ^ 1 
^ U B (o,6)lt ,t(mt) r dx) 12 ^ - (Sup/t . J B{Qi5 )(vut) r dx)^ 

as Sup/t = -Sup/t,, = 1 = fto(xo) for all i. 

We therefore obtain by the same method than that of section 4.3: 

^ ^ < (n-2)(n-4) A s f ta (x ) + ^ 
^ iBio^t^st 8(n-l) /to (so) 

and thus, after letting <$ tend to 0, we obtain: 

4(n-l) 8V 8(n-l) /t (a ) 

But 

so taking to close to we obtain a contradiction. 

This proves that we can find in the sequence (ft) functions whith laplacian in 

Tl+2 

xo, A g / t (io), as large as we want such that the equations: A g u + h.u = ft-U"^ 
do not have minimizing solutions and therefore such that h is weakly critical 
for f t and g. 

Remark 1 : We also have in this setting the analog of theorem 6 on the speed 
of convergence of (xt) to xq. 

Remark 2: this can be apply to h — cste < B K~ 2 or to h = S s if M is not 
the sphere. 

Second step: 

For our function h such that (h, 1, g) is subcritical, we know now that there 
exists a function /, with a laplacian as large as we want at its maximum points, 
such that (h, f, g) is weakly critical. More precisely, we found a function / such 
that: 

1/: (h, /, g) is weakly critical, 
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2/: h(x ) > j^S g (x ) where 
a/: ft(zo) > 

b/: {x } = {x/ f(x) = Supf} and /(x ) = 1, < / < 1, Supp f = B(x ,r) 

M 

c/: V 2 .f (x ) < . 

We now consider the path 

*-►/* = (1 -t).l + t.f. 
Remark that for all t: A g / 4 = t A g / and ft(xo) = 1 = Sup f t . We set 

M 

A t = Inf J hJug . 

Then 

Ao < K(n,2)^ 2 (Supf a )^ n ^ 1 

M 

because (ft, 1, g) is sub-critical and 

Ax =K{n,2)- 2 (Supf 1 )-^ 1 

M 

as (ft, /, g) is weakly critical. Remark that Sup f t is always equal to 1. 

M 

Let 

to - Sup{t/X t < K(n,2)- 2 (Supf t )-^} 

M 

Then < t < 1 and 

A t0 = K^yHSupf^)-^ 1 

M 

Before applying the method of section 4.3, we need to prove one more thing : 
as ft is weakly critical for f to , we know that at the maximum point xq we have 



4(n-l 8(n-l) / to (z ) 



because A f *y} x ^ = io^ffr^r" with to < 1, but we need a strict inequality. 

We consider the sequence (fi), that we can construct using the first step: fi 
is such that (ft, fi, g) is weakly critical with 

fi(x ) = 1 = Sup/i et A g fi(x ) -> +oo. 

For each fi, we note the "to" built above. Therefore for any i : 

h is weakly critical for (1 — ti).\ + ti.fi and g. 

Suppose that liminf ti = 0, or, after extracting, that ti — > 0. Then, 

(l-ij).l + *<./< 1 

uniformly on ¥ as < /j < 1. But (ft, l,g) is sub-critical, thus there exists 
u E H 2 (M) such that 

j\Vu\ 2 + jhu 2 2 

J ' ,.,2 <^(n,2) 2 . 

(J u )^ 
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But then 



J\Vu\ 2 + Jhu 2 J\\7u\ 2 +Jhu 2 _ 2 

< K(n,2) 2 



(/((l-tO-i + ti./O" 2 ')" (1^)^ 

whereas 

K(n, 2)- 2 =K(n, 2)- 2 (Sup((l - t t ).l + U-fi))'^ 

M 

which contradict the fact that (ft, (1 — + ti.fi, g) is weakly critical. 
Therefore, up to extraction, tj — > t\ > 
As A g /i(i ) — ► +oo, we can find i large enough so that 

(n-2)(n-4) Ag/^p) n-2 _ 

8(n-l) *• /,(*„) > 4(n-l)^ ( "° ) ^ ' 

If we now denote / this last function fa and to this i*, we get a path 

*->/*= (l-t).l + t./ 

such that : 

a/: Mt <to (ft, /t, g) is sub-critical, 

b/: (ft, /t ,g) is weakly critical with : 

bl/: {x } = {a; / / t (a:) = Supf t } and / t (.T ) = 1 for all t 

M 

h2/- 7) (ml > »- 2 9 (ml - ("- 2 )("- 4 ) A eft (^o) 

b3/: V 2 /t (^o) <0 

For any t < t there exists a minimizing solution w t of the equation 

A g u t + h.u t = \ t .f t .Ut~ 2 
with J f t uf = 1. The sequence (u t ) is bounded in H 2 therefore 

Hi 
U t —r U 

t-¥to 

and we are once again in the situation where : 

- cither u > and then u is a minimizing solution of A s u+h.u = X to ft -u n - 2 , 
and therefore (ft, ft ,g) is critical. 

- cither u = and once again the sequence (ut) concentrates. In this case, 
the sudy of the concentration phenomenom is easier than in the first step as the 
family (f t ) tend uniformly to / when t — > to with Suppft = B(x ,r). We can 
find S < r such that / > on B(xo,S). Then there exists c > such that for 
any t we have: 

0<c< f t < Ion B(x ,S), 

Furthermore, the f t all reach their maximum at m, this maximum being always 
1. We can then go over all the results and methods of section 4.3, the functions 
ft bringing this time no changes. We finally obtain 

Kxo) < 7PV^°) - in -J^- 4)A fff 
4(n-l) 8(n-l) ft {x ) 

thus a contradiction. Therefore (ft, / to , g) is critical with a minimizing solution. 
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This proof in fact shows the following result: 
Theorem 4': 

If h is weakly critical for a function f and a metric g, these datas satisfying: 
1/: h(x) > 4(n-i) Sg( x ) ~ ^s^-i)^ A f(x) ^ a< ^ e max i mum points of f 
2/:V 2 f(x) < at the maximum points of f 

c 2 

3/: there exists a sequence ft -> / with Sup ft = Supf such that (h 7 f t ,g) 

t^-to M M 

is subcritical for t < to 

then (h,f,g) is critical and has minimizing solutions. 

As we said in the introduction, this leads to another, dual, definition of 
critical functions, that is definition 3. The natural question is then 

Is f critical for h if and only if h is critical for f ? 

Remark that in both cases, if P is a point where / is maximum on M : 
*E£h(P)>S B (P) 

This problem seeems difficult. We prove here the result we obtain, theorem 

5. 

The proof starts with the following remark: We have seen that if h is weakly 

Tl + 2 

critical for / and g and that A g u + h.u = f.u n ~ 2 has a minimizing solution, 
then h is critical for / and g. In the same way, if / is weakly critical for h (in 
the sense that \hj. s — K(n, 2)~ 2 (Supf)~ :! ~^ L ) and if A g u + h.u = f.u~^ has 

M 

a minimizing solution u > 0, then / is critical for h. Indeed, if /' is a function 
such that Supf = Supf and /' ^ /, we have 

//v >//„- 

because u > 0. Therefore 

Jh,r, s (u) < Jhj. s (u) = K(n,2)- 2 (Supf)-^ = K(n,2)- 2 (Supf')-^ ■ 

M M 

Using our work of section 4.3 and of this section, the proof is now short: 

Tl + 2 

-If h is critical for /, we apply theorem 1: A s u + h.u = f.u n ~ 2 has a 
minimizing solution, and therefore / is critical for h. 

-If / is critical for h, these two functions (and the metric) satisfying the 
hypothesis of the theorem, we have Xhj.g — K{n, 2)~ 2 (Supf )~ n ^~ , so h is 

M 

weakly critical for /. We then consider, for t ^> 1, the sequence 

t^ft = (I -t). Supf + t.f . 

For allt t : we have Supft — Supf and if t < 1 then f t ^ /. Therefore as / is 
critical for h, by definition: 

Xhj ug <K(n,2)- 2 (Supf t )- !1 ^ . 

M 

We then apply theorem 4' above to obtain that h is critical for / with minimizing 
solutions. 
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8 The case of the dimension 3; ending remarks 



8.1 The case of the dimension 3. 

We just state the results in the case of dimension 3, as they are immediate 
generalisations of results of O. Druet proved in the case where / is a constant; 
we refer to his article for the proofs |13j . The dimension 3 requires fondamentaly 
the use of the Green function. We refer to the proof of proposition 8 in section 

4.2 for the definition and the property of the Green function. In dimension 3, 
for any point x G M, and for y close to x, Gh can be writen in the following 
way: 

G h (x, y) = —t^ r + M h {x) + o(l) 

where o(l) is to be taken for y — s> x. We call Mh(x) the mass of the Green 
function at x. 

The generalisation of the results of O. Druet to the case of an arbitrary 
function / in (Ehj iS ) gives the following: 

Let (M, g) be a compact manifold of dimension 3, and let / 6 C°°(M) be 
such that Supf > 0. We have the following results: 

• For any function h weakly critical for / and g, and for any x G Maxf, we 
have M h (x) < 0. 

• For any h G C°°(M), let B(h) = inf{_B/ h + B is weakly critical for /}. 
Then h + B(h)is a critical function for /. 

• Let h be a critical function for / and g. Then one of the following condition 
is true: 

1. There exists x G Maxf such that Mh(x) — 0. 

2. {{Ehj tg )) has minimizing solutions. 

Remarks: 
-The condition 

M h {x) < 



appears as the analog of the condition 

] -h(P) > S g (P) - 



^-ih/ow a ,m n-4 A B f(P) 

f(P) 



we had in dimension ^ 4. In the case / = est, this condition must be satisfied 
on all of M. 

-The particularity of dimension 3 is to offer critical functions of any shape, 
that is the meaning of the second point. 

-The main difference with the case / = est studied by O. Druet is that the 
conditions on the mass of the Green function are to be considered only at the 
point of maximum of /. 
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8.2 Degenerate hessian at the point of maximum and 
fundamental estimate. 

In theorem 6, we made the hypothesis that the hessian of / is non degenerate at 
each of its points of maximum. We give here a conterexample to show that this 
hypothesis is necessary. Consider the n-dimensional sphere S n with its standard 
metric s. Rewriting known results (c.f. for example [21]). there exists a unique 
critical function for 1 et s, which is 

n-2 „ n-2 
n = — — 5 S = 



4(n-l) 4(n-l) 

and this critical function has only two type of extremal functions, the constants 
and the functions of the form 

n — 2 

u = a(b — cos r) 2 

where a / 0, 6 > 1, and r is the geodesic distance to some fixed point of S n . 
Consider now on S n a sequence of points x t converging to a poit xq, and let 

ti-2 Tl _ 2 

u t = fi t 2 (/i t + 1 -cosr t ) ~ 
where r t (x) = d s (x,Xt) and fit is a sequence of real converging to 0. Then 

/ u t dv s = 1 

J M 

and we obtain in this way a sequence of solutions of the equation 

4(n — 1) 

where obviously the function / = K(n,2)~ 2 has degenerate hessian at its 
maximum points ! Furthermore 

n-2 

Sup M u t = ut(x t ) = fi t 2 . 

This sequence concentrates and satisfies all the propositions 2 to 9 seen in section 
4.2, whatever the choice of the sequence x± — > xq and of the sequence fit —> 0. 
By spherical symetry, we can easily find two sequences (xt) and (fit) such that 

d s (x t ,x ) 

> +oo 

Mt 

by taking for example fit — d s (xt,xo) . 

Once again, it seems that the hypothesis on the hessian of / "fixes" the 
position of the concentration point, and so imposes a speed of convergence of 
the sequence (xt). 

8.3 Further questions. 

First a remark concerning the requirement of a strict inequality at the point 
of maximum of / in theorem 1. An easy but somewhat artificial extension of a 
result of hebey and Vaugon is the following: 



G2 



Suppose that the manifold ( M, g) is of dimension > 7, and let ( h, /, g) be 
a critical triple. Let T f = {x G M / f(x) = Maxf and h(x) = A ?~\ S s (x) - 

^8(1^-1) ^ ^'flp) '' }' ^ e su PP ose that Tf is not dense in M and that for any 
point x of Tf: 

l:The Weyl tensor vanishes on a neihbourhood of x, 

2: V 2 (h — 4 ^ t "l 2 i) Sg) * s n °t degenerate in x, 

3: A g /(i) = if x 6 Tf, and we suppose that f is non degeneraye at the 
points of maximum which are not in Tf . 
Then (h,f,g) has minimizing solutions. 

The main interest of this result is that we can expect existence of solutions 
in this case. Looking to our method, it seems that one need to find some other 
intrinsec parameters, i.e. invariant by the exponential charts exp Xt . See our 
thesis for more precision. 

Another question is the following: We saw that the study of equations A g u+ 
hu = fu 2 "^ 1 is linked to the study of the best constants in the Sobolev inclusions 
of H 2 in L^ 3 . In the same way, the study of the Sobolev inclusions of Hf in 



pn 
n—p 

goes through the study of equations of the form 



L n ~" , where is the critical exponent, and of the associated best constants, 



pn -J 

A p u + hu = fu n ~p 



where A p u = — V(|Vu|^ 2 Vu) is the p-laplacian; see for example O. Druet, E. 
Hebey and Z. Faget [F2J. Here also variational methods are used : the functional 



used is : 



/(«) = J \Vu\l + J huP 



from where we see the link with the Sobolev inclusion 

(J u^)^ < K(n,p) J \Vu\ P s + B Ju p 

where K(n,p) is the associated best constant. The starting point is again the 
following : If 

Inf J(u) < K^pyHSupf)-^ 

pn 

/u»-p=1 

then the equation has a minimizing solution u > (knowing that the large 
inequality is always true). We therefore see that it is easy to extend the definition 
of critical functions to this case. It would therefore be interesting to know if our 
results can be extended to this setting. 

Another question that can be asked after our work is the following : 

/ being given, is there constant critical functions ? 

This would give some kind of "best second constant B (g, /)" linked to /. 
At last, there is a question which emerges from our work: 

For a given arbitrary function h on M, does there exist solutions (not 
minimizing) to the equation A g u + hu = fu 2 _1 ? 
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Indeed, we saw that this equation has (minimizing) solutions when h is 
sub-critical and when h is critical with some hypothesis. However, variational 
methods do not give any answer is h larger and different than some critical 
function, or if A g + h is not coercive. In this cases, if solutions exist, they 
cannot be minimizing. One therefore needs other methods for these cases. See 
A. Bahri [5] who study the case / = est and 3 < dimM < 6. 

The author wants to express here its deepest thanks to his thesis advisor, 
Michel Vaugon, for the generosity of his mathematical teaching, and, above all, 
for his friendship. 
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